Vol. 77 (2016) REPORTS ONMATHEMATICAL PHYSICS No. 3

PROCEEDING OF

The 51st Winter School of Theoretical Physics on Irreversible dynamics: Nonlinear, Nonlocal and Non-Markovian Manifestations, organized by the
University of Wroctaw and the University of Opole, was held in Ladek Zdrdj, Poland, during the period 9-14 February 2015.

[ Preface
Pages 266-266
Lech Jakébczyk, Wojciech Cegta, Andrzej Frydryszak, Piotr Garbaczewski (Opole), Rohert Olkiewicz
% POF (44K

[ Markav Chain Monte Carlo and Irreversibility Original Research Article
Pages 267-292
Michela Ottobre
» abstract | T PDF (196 K)

O Irreducible Decompositions and Stationary States of Quantum Channels Original Research Article
Pages 293-313
Raffaella Carbone, Yan Pautrat
» Abstract | B PDF (177 K)

[0 Quantum Stochastic Equations for an Opto-Mechanical Oscillator with Radiation Pressure Interaction and Non-Markovian Effects Original Research
Article
Pages 316-333
Alberto Barchielli
» Abstract | T PDF (167 K)

[ Entropic Fluctuations in Gaussian Dynamical Systems Original Research Article
Pages 335-376
W. Jaksi¢, C-A. Pillet, A. Shirikyan
» abstract | T PDF (341 K)

[ Linear and Nonlinear Dissipative Dynamics Original Research Article
Pages 377-397
B. Zegarlifiski
» Abstract | T PDF (195K)
[ Non-Markovian Quantum Evolution: Time-Local Generators and Memaory Kernels Original Research Article
Pages 399-414
Dariusz Chrusciniski, Pawet Nalezyty
» Abstract ) PDF (158 K)

O Index
Pages 4156-416
) POF (46 K)



Vol. 77 (2016) REPORTS ON MATHEMATICAL PHYSICS No. 3

PREFACE

The 51st Winter School of Theoretical Physics on Irreversible dynamics: Nonlinear,
Nonlocal and Non-Markovian Manifestations, organized by the University of Wroctaw
and the University of Opole, was held in Ladek Zdr6j, Poland, during the period
9-14 February 2015.

The conspicuous “non” attitude in the School leading scientific thread was
inspired by the continually deepening theoretical understanding of the broad field
of irreversible phenomena and related dynamical processes. Presently we know that
various deviations from the well-established through decades framework need to
be accounted for. They no longer can be considered irrelevant. Even if we keep
in mind that physics may be perceived as an art of approximate modeling, both
on the experimental and theoretical levels of description of reality. We are aware
of a number of major theoretical contributions to theories of nonlinear, nonlocally
induced and non-Markovian stochastic processes (of purely classical and quantum
origin) that were completed in the seventies and eighties of the 20th century. Those
were the golden years of the more or less traditional semigroup theory as well.

A revival and new developments in that theoretical framework, in various areas
of physics and mathematics, are being documented nowadays, specifically with
a strong emphasis on quantum problems. A significant departure from the semigroup
framework proved to be necessary in the study of open quantum systems, where
various non-Markovian dynamics scenarios had to be classified and understood.

Nonetheless, a broad semigroup dynamics framework has been here considered
as a conceptual basis for other extensions of the traditional formalism of the
nonequilibrium statistical mechanics (and thence irreversible dynamics), like e.g. the
nonlocal and nonlinear evolution scenarios. It has been also viewed as a solid
departure point towards modern approaches to non-Markovian evolutions of quantum
systems.

The main purpose of the School was to create a platform for an exchange of
modern viewpoints/ideas on the irreversible dynamics, that are physics-inspired but
whose range might extend from theoretical physics proper, through mathematical
physics towards pure mathematics. Plenary lectures and likewise their audience have
shared a mixed origin: theoretical physics and pure mathematics not set against each
other, but regarded as a source of mutual inspiration.

School plenary lectures typically provided reviews of relevant topics. It is seldom
so that original new results can emerge on their basis in a relatively short time. It is
a gift from our lecturers that some of them have undertaken the serious endeavour
to write a comprehensive paper that would convey the new yet unpublished message
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as a direct outcome of the School activities. The present guest issue of the Reports
on Mathematical Physics contains a distinctive sample of contributions that cover
majority of central topics we wished to address as the School Organizers. We thank
warmly the contributiors for their excelent job.

Last but not least we wish to acknowledge a financial support from the Polish
Academy of Sciences and Polish Academy of Arts and Sciences, we have received
to enhance the School activities.

Guest Editors and the School Organizers:

Lech Jakdbczyk

Wojciech Cegta

Andrzej Frydryszak

Piotr Garbaczewski (Opole)
Robert Olkiewicz
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Markov Chain Monte Carlo (MCMC) methods are statistical methods designed to sample
from a given measure 7 by constructing a Markov chain that has 7 as invariant measure and that
converges to w. Most MCMC algorithms make use of chains that satisfy the detailed balance
condition with respect to 77; such chains are therefore reversible. On the other hand, recent work
[18, 21, 28, 29] has stressed several advantages of using irreversible processes for sampling.
Roughly speaking, irreversible diffusions converge to equilibrium faster (and lead to smaller
asymptotic variance as well). In this paper we discuss some of the recent progress in the study of
nonreversible MCMC methods. In particular: i) we explain some of the difficulties that arise in
the analysis of nonreversible processes and we discuss some analytical methods to approach the
study of continuous-time irreversible diffusions; ii) most of the rigorous results on irreversible
diffusions are available for continuous-time processes; however, for computational purposes one
needs to discretize such dynamics. It is well known that the resulting discretized chain will not,
in general, retain all the good properties of the process that it is obtained from. In particular, if
we want to preserve the invariance of the target measure, the chain might no longer be reversible.
Therefore iii) we conclude by presenting an MCMC algorithm, the SOL-HMC algorithm [23],
which results from a nonreversible discretization of a nonreversible dynamics.

Keywords: Markov chain Monte Carlo, nonreversible diffusions, hypocoercivity, Hamiltonian
Monte Carlo.

1. Introduction

The combined use of Bayesian statistics and Markov Chain Monte-Carlo (MCMC)
sampling methods has been one of the great successes of applied mathematics and
statistics in the last 60 years. While the Bayesian approach constitutes a flexible
framework for inference through data assimilation, MCMC turns such a theoretical
framework into practice by providing a powerful sampling mechanism to extract
information from the posterior measure. For this reason, and because of the wide
spectrum of problems that can be recast in Bayesian form, MCMC has been
a revolution in the applied sciences. MCMC is employed in parameter estimation,
model validation and, ultimately, in inference. Combined with the Bayesian inference
paradigm, MCMC is of current use in finance, biology (population genetics, molecular
biology), meteorology, epidemiology, optimization, cryptography, molecular dynamics,
computational physics (to gain knowledge about statistical quantities of interest in
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268 M. OTTOBRE

the study of large particle systems in their equilibrium state), in rare event sampling,
in big data analysis and in the field of inverse problems. This list is far from
exhaustive.

The increasing popularity of MCMC and the need to tackle problems of growing
complexity have brought higher demands on the efficiency of such algorithms, which
are often undeniably costly. The answer to such demands has produced both a higher
level of sophistication in the design of MCMC algorithms and the introduction of
a plethora of different approaches. We would however be very unfair to MCMC if
we described it as a mere algorithmic tool: the study of MCMC has in fact opened
(or it is related to) a range of beautiful questions in an unimmaginable wide range
of areas of mathematics, from pure probability to analysis, all the way to number
theory [11, 36].

The purpose of MCMC is to sample from a given target distribution 7 or, more
commonly, to calculate expectations with respect to m, i.e. integrals of the form

/ S )dm (x), (1.1)
X

when analytic (or deterministic) methods are not feasible. Here m and f are
a measure and a function, respectively, both defined on the state space x. Broadly
speaking, the calculation of integrals (1.1) is of interest in the applied sciences for
several reasons: 1) for different choices of the function f, such integrals represent
various statistical properties of a system in equilibrium (with stationary measure
) or properties of the posterior measure, 7w, in a Bayesian context; ii) if X, is
the solution at time ¢ of a given stochastic differential equation (SDE), then the

expectation
ELf(X))] (1.2)

can be recast in the form (1.1); iii) thanks to the Feynman—Kac formula, integrals
of type (1.1) are representations of the solution of a large class of PDEs, as well.

Roughly speaking (we will be more precise in Section 4), the basic prescription
behind MCMC can be explained as follows: construct a Markov chain {x,},cy that
converges to our target distribution . In this way, if we run the chain “long
enough”, as n — oo we will effectively be extracting samples from m. Also, if the
chain we constructed enjoys good ergodic properties, the ergodic theorem can be
employed, thereby providing an approximation for the quantity (1.1)

1 n—1
fim Y f0) = Ea(f)i= [ fandnco. (13)
k=0 X
In order for this process to work efficiently, the constructed chain should: 1)
converge to equilibirum as fast as possible (all the samples out of equilibrium are
not needed); ii) once equilibrium is reached, explore the state space as quickly
and thoroughly as possible. This paper intends to comment on some aspects related
to point i). Regarding i): the classical MCMC framework—and in particular the
popular Metropolis—Hastings (M—H) technique (see Section 4.1)—typically makes
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use of reversible chains, i.e. chains which satisfy the detailed balance condition
with respect to w. However, it is a well documented principle that, loosely speaking,
nonreversible chains might converge to equilibrium faster than reversible ones. We
will be more clear on this matter in Section 3. For the moment let us just say that
this observation has started to produce a stream of literature aimed at improving the
speed of convergence to equilibrium of MCMC methods by designing algorithms that
produce nonreversible chains. In this spirit, we will present an algorithm, recently
introduced in [23], which does not belong to the M—H framework, as it produces
a Markov chain which does not satisfy detailed balance with respect to the target
measure. This is the SOL-HMC algorithm (Second Order Langevin—Hybrid Monte
Carlo), presented in Section 5. In the present paper we will mostly be concerned
with irreversibility and therefore we will only tangentially comment on another
important aspect related to the SOL-HMC algorithm: SOL-HMC does not suffer
from the so-called curse of dimensionality. That is, the cost of the algorithm does
not increase when the dimension of the space in which it is implemented increases.
We will be more precise on this point in Section 4.2.

The remainder of the paper is organized as follows: in Section 2 we recall some
basic definitions, mostly with the purpose of fixing the notation for the rest of
the paper (references are given for those not familiar with the topic). Section 3 is
devoted to the study of exponentially fast convergence to equilibrium for irreversible
dynamics. The Markov dynamics presented here, central to the development of
the SOL-HMC algorithm, are hypoelliptic and irreversible; i.e. their generator is
nonelliptic and not self-adjoint, so classical techniques do not apply; in order to study
these degenerate dynamics the Hypocoercivity Theory has been recently introduced
in [38]. Section 3 contains a short account of such an approach. Section 4 is
devoted to an elementary introduction to MCMC, including the popular Random
Walk Metropolis (RWM), Metropolis Adjusted Langevin Algorithm (MALA) and
Hybrid (or Hamiltonian) Monte Carlo (HMC). The last section, Section 5, contains
an example of an irreversible MCMC algorithm, the so-called SOL-HMC (Second-
Order Langevin—Hamiltonian Monte Carlo), introduced in [23]. In this context we
will explain how irreversibility can be obtained from the composition of Markov
transition probabilities that do satisfy detailed balance.

2. Preliminaries and notation

In this section we briefly recall some basic facts that will be used in the
following. More details about the basic formalism introduced here can be found in
[3, 25, 15, 12]. Consider an ordinary stochastic differential equation in RY of the
form!

dx(t) = b(x;)dt + o (x,))dW;, 2.1

where W, is a d-dimensional standard Brownian motion and the drift and diffusion
coefficients (b : R — R and o : RY — R¥*4 respectively) are globally Lipshitz. It

For any time-dependent process or function, we will use the notations 4, and h(r) interchangeably.
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is a standard fact that under these assumptions there exists a unique strong solution
to the SDE (2.1). The solution x(¢) is a Markov diffusion process. Because b and o
are time-independent, x(f) is a time-homogeneous Markov process.

To the process x, we can associate a Markov semigroup as follows. For any
function f :RY — R, say?> f € B,, and any point x € RY, we can define

f, ) :=E[f(x)lxo = x],

where [E denotes expected value (with respect to the noise W;). Notice that the
function f is a deterministic function. By using the Itd formula, one can immediately
see that f(x,t) solves the Cauchy problem

atf(x’ t) = Ef(-xa t)’
f(x,0) = f(x), x eRY,

where L is the second-order differential operator defined on smooth functions as

(2.2)

d d
L= b x)dy + % Y S, B i=ooe’ (),

i=1 i,j=1

having denoted by o the transpose of the matrix o. The operator £ is (under the
assumptions of the Hille—Yoshida theorem) the generator of the Markov semigroup P,
associated with the PDE (2.2); i.e. formally

fo, ) =e“fx) =P fHx).

With abuse of nomenclature, we will often refer to £ as to the generator of the
diffusion process (2.1). The standard example belonging to this framework is the
heat semigroup: in this case the process x(¢) is simply Brownian motion (i.e. in
(2.1) b =0 and o is the identity matrix) and the (formal) generator of the semigroup
is the Laplacian operator.

We recall that a probability measure p on R? is invariant for the Markov
semigroup P, if, for every h € B,,

/(ch)(x)ﬂ(dx)=/ h(x)pu(dx).
R4 R4

Using the dual semigroup P;, acting on measures, this can also be rewritten as
Pliu=up or L'u=0, where £ denotes the L?-adjoint of L.}

In view of the link between the Markov process x; solution of the SDE (2.1)
and the semigroup P;, every attribute of the semigroup will also hold for the
process and vice versa, unless otherwise stated. So e.g. we say that the measure
@ is invariant for the process x(¢) if it is invariant for the semigroup associated
to x(¢). The measure p is called invariant because if x(0) is distributed according

2By = {bounded and measurable functions on Rd}.

3£ is the generator of the dynamics and the associated evolution equation, equation (2.2), governs the
evolution of the observables. £’ is often refereed to as the Fokker—Planck operator; £’ describes the evolution
of the law of the process.
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to u, x(0) ~ u, then x(t) ~ pu for every ¢t > 0. The process x; is ergodic if it
admits a unique invariant measure. In this case the only invariant measure is called
the ergodic measure of the process and it represents the equilibrium state (in law)
of the system.

Central to our discussion will be the definition of reversibility.

DEFINITION 2.1. A Markov semigroup P; is reversible with respect to a probability
measure w (or, equivalently, the probability measure p is reversible for the Markov
semigroup P;) if for any f, g € B,

/ (P, f)g dunx) = f F(Pg) dpn(x). 2.3)

In this case it is also customary to say that P, satisfies the detailed balance
condition with respect to .

Notice that if u is reversible then it is invariant as well. If x, is reversible with
respect to u and x(0) ~ p then for any 7 > 0 and any 0 <#, < ... <t < T,
the law of (xo, x;, ..., X, x7) is the same as the law of (xr,x7_, ..., X7, X0).
In other words, the forward and the time-reversed process have the same law (on
this matter see e.g. [25, Section 4.6]). It is easy to show that P, is reversible with
respect to p if and only if the generator £ is symmetric in Li, where

Li = {functions f:RY — C such that / fldu < oo}.
R4

Because we will be using discrete-time as well as continuous-time Markov
processes, we mention here that for a given Markov chain x,, n € N, on a state
space S (tipically S will be a finite or countable set, R? or a separable Hilbert
space H), we will denote by p(x, A),x € S, A C S, the transition probabilities of
the chain (and by p"(x, A) the n-step transition probabilities). If § is finite or
countable the transition probabilities are specified by {p(x, y)}x yes. In this case
the detailed balance condition with respect to a measure w on S can be rewritten
as follows

n(x)p(x,y) =7 (y)p(y, x), Vx,y€S. 2.4)

If the above holds, we say that x, is reversible with respect to .

Finally, for a measure p on R4, we will use the same Greek letter to denote
both the measure and its density (when such a density exists), i.e. we will write
u(dx) = n(x)dx; Z will always denote a generic normalizing constant and for
a differential operator A, D(A) will indicate the domain of A.

3. Irreversibility

In this section we will be concerned with the study of exponentially fast
convergence to equilibrium for irreversible Markov dynamics, i.e. dynamics generated
by nonsymmetric operators. As a term of comparison, let us start from the reversible
case.
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The theory concerning reversible Markov processes has been much more developed
than the theory for nonreversible ones. This is mostly due to the fact that the
generator of a reversible Markov process is a symmetric and, under some assumptions,
self-adjoint operator; self-adjoint operators enjoy good spectral properties [27], which
makes the study of convergence to equilibrium more accessible than in the non
self-adjoint, irreversible case.

The study of exponentially fast convergence to equilibrium for reversible pro-
cesses has been tackled using both probabilistic and analytic techniques. The most
comprehensive reference on the analytic approach is [3]. While we do not intend
to review the existing methods, we would like to recall some basic results. This is
mainly to point out, by comparison, what are some of the difficulties in studying
the problem of exponentially fast convergence to equilibrium in the irreversible case.
Before stating the next definition we recall the following nomenclature: let 7 be
a second-order differential operator; suppose that the spectrum of 7, o(7T), is only
made of simple isolated eigenvalues, that all such eigenvalues have positive (negative,
respectively) real part and assume 0 € o (7). Then the spectral gap of T, &(T), is
the smallest (biggest, respectively) real part of the nonzero eigenvalues of 7. Notice
that if 7 is the generator of a strongly continuous ergodic Markov semigroup then
0 € &(T), by the Koopman—Von Neumann theorem (see [7, Theorem 1.2.1]).

DEFINITION 3.1. Given a Markov semigroup P, with generator £, we say that
a measure w which is reversible for P, satisfies a spectral gap inequality if there
exists a constant « > 0 such that

2
oz/ [f—/ fdn] drw < —(Lf, f)x, for every f e L2 ND(L). (3.1
R R

The largest positive number « such that (3.1) is satisfied is the spectral gap of the
self-adjoint operator L.

The term on the RHS of (3.1) is called the Dirichlet form of the operator L.

REMARK 3.1. If £ is a self-adjoint operator then the form (Lf, f), is real-
valued. In particular the spectrum of L is real. If £ is the generator of a strongly
continuous Markov semigroup and the semigroup is ergodic then we already know
that 0 is a simple eigenvalue of L. If (3.1) holds, then (Lf, ), <0 for every f,
therefore the self-adjoint operator —L is positive and all the eigenvalues of —L will
be positive. The biggest positive o such that (3.1) holds is the smallest nonzero
eigenvalue of —L, i.e. a is the spectral gap.* The next proposition clarifies why
spectral gap inequalities are so important. Notice however that, at least on a formal
level, it makes sense to talk about spectral gap inequalities if one can guarantee
that the quantity (Lf, f), is at least real. This cannot be guaranteed in general if
L is not self-adjoint. O

4This reasoning might appear more transparent if we take mean zero functions, that is f such that [ fdm =0.
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PROPOSITION 3.1. A measure m reversible with respect to the Markov semi-
group Py, satisfies a spectral gap inequality (with constant «) if and only if

A(Ptf—/ﬂkfdn)zdn Se_za’f]l%(f—/Rfdnde, (3.2)

for all t >0 and f € L2.

A proof of the above proposition can be found in [15, Chapter 2]. The spectral gap
inequality formalism is one of the most established techniques to study exponential
convergence for reversible diffusions. However this cannot be used—at least not as
it is—in the irreversible case (on this point we also mention the related interesting
paper [19]).

If irreversible diffusions are harder to study than reversible ones, it is natural
to wonder why one would want to employ them in the study of MCMC. The
reason is readily explained: plenty of numerical evidence—although not as many
theoretical results—shows that irreversible processes converge to equilibrium faster
than reversible dynamics. We illustrate this idea with an example (to the best of
our knowledge this is one of the very few examples where rigorous results are
available). Consider the Ornstein—Uhlenbeck process (OU)

dY, = —Y,dt + ~2dW,, Y, e RY. (3.3)

Y; is ergodic with unique invariant measure 7 (y) = e/ 2/Z. Y, is also reversible
with respect to m. Now consider the process Z, obtained from Y; by adding
a nonreversible perturbation to the drift, i.e. modify the OU process in such a way
that the invariant measure of the new process is still 7 but Z; is no longer reversible
with respect to 7,

dZ, = (—=Z, + y(Z))dt + V2dW,,  with V- (y(@)e @) =0.

The condition V - (y(z)e”V@) = 0 is added in order to preserve the invariance
of . It can be shown (see [21, 18, 24]) that G(Z) < &(Y) and that the process Z;
converges faster than Y;.

One of the most popular approaches to study exponential convergence to equilibium
in the nonreversible case is given by the hypocoercivity theory, which we briefly
review below.

3.1. Hypocoercivity theory and second-order Langevin equation

Let us start by introducing the Second-Order Langevin (SOL) equation, which is
possibly the simplest example of dynamics that retains all the properties that we are
interested in. Also, it is the dynamics that we will use to construct the SOL-HMC
algorithm in Section 5. By SOL we mean the following SDE (or slight variations):

dg = pdt

(3.4)
dp = —8,V (q)dt — pdt + ~2dW,,



274 M. OTTOBRE

where (¢, p) € R?, V(gq) € C*® is a confinig potential (i.e. V(g) — oo as |g| — oo
and V(g) grows at least quadratically at infinity’) and W, is a one-dimensional
standard Brownian motion. The generator of (3.4) is

L= pd, — 3,V (q)d, — pd, + 0, (3.5)
and the corresponding Fokker—Planck operator is
L= —pdg + 9,V (g)d, + 3,(p) + 0. (3.6)

Notice that £ is nonuniformly elliptic. In particular, it is hypoelliptic. We will
not linger on this fact here and refer the reader to [39] for a concise and clear
introduction to the hypoellipticity theory. We just observe that the fact that 9, — £’
is hypoelliptic on R, x R? implies that the law of the process (3.5) has a density
for every ¢ > 0. The dynamics generated by the operator (3.5) is ergodic as well
and the density of the unique invariant measure of such a dynamics is

e~ V@+p*/2)

p(q, p) = — (3.7)

The dynamics described by (3.4) can be thought of as split into a Hamiltonian
component,

q=r,
p=-3,V(q), (3.8)
plus an OU process (in the p variable, see (3.3)):
dq = pdt,
dp = —0,V (q)dt —pdt + ~2dW, .

OU process

Indeed, Egs. (3.8) are the equations of motion of a Hamiltonian system with

Hamiltonian )

H(g.p)=V(g)+ 2.

2
At the level of the generator this is all very clear: we can write the operator £ as
L=Ly+ Lou,
where
Ly = pd, —9,V(q)d, (3.9)

is the Liouville operator of classical Hamiltonian mechanics and

. 2
£OU = —pap + 8p

SUnder this assumption strong uniqueness and nonexplosivity are guaranteed, see e.g. [35, Chapter 10].
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is the generator of an OU process in the p variable. By the point of view of our
formalism, the Hamiltonian dynamics (3.8) admits infinitely many invariant measures,
indeed

—Lyf(H(q,p)=Luf(H(g,p) =0 for every f (smooth enough).

So any integrable and normalized function of the Hamiltonian is an invariant
probability measure for (3.8). Adding the OU process amounts to selecting one
equilibrum.

To distinguish between the flat L? adjoint of an operator 7 and the adjoint in
the weighted L2, we shall denote the first by 7’ and the latter by T*. The scalar

product and norm of L2 will be denoted by (,-) p and | - ||,, respectively. Notice
now that the generator Ly of the Hamiltonian part of the Langevin equation is
antisymmetric both in L* and in L. It is indeed straightforward to see that

Ly =—LYy.
Also, (Ly f.8), =—(f.Lnug), for every f,g say in L2 ND(Ly),

(Lot fg)p = /R /R (03, — 40, f) gpdpdg

—//fpaq(gp)dpdq+//fqa,;(gp)dpdq
R JR R JR

= —/ / fp(aqg)p+//qf(8pg)p =—(f. Lugp-
R JR R JR

The generator of the OU process is instead symmetric in E% and, in particular,

Loy =-T"T,

where
T =0, so that T =—-9,+ p.

In conclusion, the generator of the Langevin equation decomposes into a symmetric
and antisymmetric part. Moreover, the antisymmetric part comes from the Hamiltonian
deterministic component of the dynamics, the symmetric part comes from the
stochastic component.

Using Stone’s theorem (see e.g. [27]) we also know that the semigroup generated
by Ly is norm-preserving, while it is easy to see that the semigroup generated by
Loy is dissipative, indeed

d
e OV RIT = 2(Loye OV R, e EoUR),

= —2T*Th;, hy), = =2||Th|l <0,

where we used the notation /,(x) = e'“0Uh(x). In conclusion, so far we have the
following picture:
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L= Ly - T*T
— —
skew symmetric ~Symmetric
\ \A
deterministic stochastic
conservative dissipative

This is precisely the setting of the hypocoercivity theory. The hypocoercivity
theory, subject of [38], is concerned with the problem of exponential convergence
to equilibrium for evolution equations of the form®

dh+ (A*A—B)h =0, (3.10)

where B is an antisymmetric operator ’. We shall briefly present some of the basic
elements of such a theory and then see what are the outcomes of such a technique
when we apply it to the Langevin equation (3.4).

We first introduce the necessary notation. Let 7 be a Hilbert space, real and

separable, || - | and (-,-) the norm and scalar product of H, respectively. Let A
and B be unbounded operators with domains D(A) and D(B) respectively, and
assume that B is antisymmetric, i.e. B* = —B, where * denotes adjoint in H. We

shall also assume that there exists a vector space S C H, dense in H, where all
the operations that we will perform involving A and B are well defined.

Writing the involved operator in the form 7 = A*A — B has several advantages.
Some of them are purely computational. For example, for operators of this form
checking the contractivity of the semigroup associated with the dynamics (3.10)
becomes trivial. Indeed, the antisymmetry of B implies

(Bx,x) = —(x, Bx) - (Bx,x) =0. 3.11)
This fact, together with (A*Ax, x) = ||Ax||> > 0, immediately gives

2L e Thp 20 _jan, P < o,

2dt
On the other hand, conceptually, the decomposition A*A— B is physically meaningful
as the symmetric part of the operator, A*A, corresponds to the stochastic (dissipative)
part of the dynamics, whereas the antisymmetric part corresponds to the deterministic
(conservative) component.

DEFINITION 3.2. We say that an unbounded linear operator 7 on H is relatively
bounded with respect to the linear operators Ti, ..., T, if the domain of T, D(T),
is contained in the intersection ND(T;) and there exists a constant o > 0 s.t.

Vh € D(T), IThI < a(ITihll + ... + ITyh1D.

Generalizations to the form 9,/ +( 7’:1 Ai*A; — B) h = 0 as well as further generalizations are presented
in [38]. We refer the reader to such a monograph for these cases.

"Notice that, for less than regularity issues, any second-order differential operator £ can be written in the
form A*A — B.
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DEFINITION 3.3 (Coercivity). Let 7 be an unbounded operator on a Hilbert

space H, denote its kernel by K and assume there exists another Hilbert space H
continuously and densely embedded in K+. If || - 4 and (-,-);; are the norm and

scalar product on H, respectively, then the operator 7 is said to be A-coercive

if
on A (Th, )z = Mk, Yhe K- DT,

where D(T) is the domain of 7 in .

Notice the parallel with (3.1). Notice also that, from the above discussion, for
every h € D(T), the number (Th, h) is always real. Not surprisingly, the following
proposition gives an equivalent definition of coercivity (cf. Proposition 3.1).

PROPOSITION 3.2. With the same notation as in Definition 3.3, T is A-coercive
on H iff -
| e Tth [P e | h Il Yh e H and t > 0.
DEFINITION 3.4 (Hypocoercivity). With the same notation of Definition 3.3,
assume T generates a continuous semigroup. Then 7 is said to be A-hypocoercive

on H if there exists a constant x > 0 such that
le T h < ke™ || 7 |l Vh e H and t > 0. (3.12)

REMARK 3.2. We remark that the only difference between Definition 3.3 and
Definition 3.4 is in the constant « on the right-hand side of (3.12), when « > 1.
Thanks to this constant, the notion of hypocoercivity is invariant under a change
of equivalent norm, as opposed to the definition of coercivity which relies on
the choice of the Hilbert norm. Hence the basic idea employed in the proof of
exponentially fast convergence to equilibrium for degenerate diffusions generated by
operators in the form (3.10), is to appropriately construct a norm on A, equivalent
to the existing one, and such that in this norm the operator is coercive. ]

We will state in the following the basic theorem in the theory of hypocoercivity.
Generalizations can be found in [38].

THEOREM 3.1. With the notation introduced so far, let T be an operator of the
form T = A*A — B, with B* = —B. Let K = KerT, define C :=[A, B], 8 and

consider the norm ) ) ) )
Al = IRlI" + IAR]" + [ Ch|

on K*°. Suppose the following holds:
(1) A and A* commute with C,
(2) [A, A*] is relatively bounded with respect to I and A,
(3) [B, C] is relatively bounded with respect to A, A2 C and AC,

8Given two differential operators X and Y we denote by [X, Y] = XY — Y X the commutator between X
and Y.

90ne can prove that space K+ is the same irrespective of whether we consider the scalar product (-, -) of
‘H or the scalar product (-, V1 associated with the norm || - ll 1
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then there exists a scalar product ((-,-)) on H'/K defining a norm equivalent to
the H' norm such that

((h. Th)) = k(1 ARI* +ICRI®).  VheH'/K, (3.13)
for some constant k > 0. If, in addition to the above assumptions, we have
A*A 4+ C*C is k-coercive for some k > 0, (3.14)

then T is hypocoercive in H'/K: there exist constants ¢, . > 0 such that

—tL —A
lle~" 3t ety < ce ’,

REMARK 3.3. Let K be the kernel of 7 and notice that Ker(A*A) = Ker(A)
and K = Ker(A) N Ker(B). Suppose Ker A C Ker B; then Ker7 = Ker A. In this
case the coercivity of 7T is equivalent to the coercivity of A*A. So the case we
are interested in is the case in which A*A is coercive and 7 is not. In order for
this to happen A*A and B cannot commute; if they did, then e™'7 = e 'A"4¢!B,
Therefore, since ¢'® is norm preserving, we would have [le~"7 || = |le~*4"4||. This

is the intuitive reason why commutators (especially of the form [A, B]) appear in
Theorem 3.1.

COMMENT [On the Proof of Theorem 3.1]. We will not write a proof of this
theorem but we will explain how it works. The idea is the same that we have
explained in Remark 3.2. Consider the norm

((h, b)) := |h|* +a ||AR|* + cl[ChI* + 2b(Ah, Ch),

where a,b and ¢ are three strictly positive constants to be chosen. Assumptions
(1), (2) and (3) are needed to ensure that this norm is equivalent to the ' norm,
i.e. that there exist constants ¢y, ¢, > 0 such that

cillhlly = ((h, ) < callhliag.

If we can prove that 7 1is coercive in this norm, then by Proposition 3.2 and
Remark 3.2 we have also shown exponential convergence to equilibrium in the #!'
norm, i.e. hypocoercivity. So the whole point is proving that

((Th,h)) = K((h, h)),

for some K > 0. If (1), (2) and (3) of Theorem 3.1 hold, then (with a few lengthy
but surprisingly not at all complicated calculations) (3.13) follows. From now on
K > 0 will denote a generic constant which might not be the same from line to
line. The coercivity of A*A + C*C means that we can write

1 1
IAR|? + ||Ch|* = 5(||Ah||2 + ICh|) + E(uAhu2 + ICh|?)

1 2 2, Koo
> 2(IIAhII +IICAII7) + > 121l
> K|lhllg-
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Combining this with (3.13), we obtain
((h, Th)) > k(IlAR|* + IChII*) = K ||hllzp = K ((h, h)).

This concludes the sketch of the proof. Another important observation is that, in
practice, the coercivity of A*A + C*C boils down to a Poincaré inequality. This
will be clear when we apply this machinery to the Langevin equation, see proof
of Theorem 3.2. (Il

We now use Theorem 3.1 to prove exponentially fast convergence to equilibrium
for the Langevin dynamics. We shall apply such a theorem to the operator £ defined
in (3.5) on the space H = Lf), where p is the equilibrium distribution (3.5). (The
space S can be taken to be the space of Schwartz functions.) The operators A and

B are then
A=29, and B = pd, —9,V0,,

so that
C:=[A,B]=AB—-BA=09,.

The kernel K of the operator £ is made of constants and in this case the norm
H' will be the Sobolev norm of the weighted H'(p),

110 i= WFUG + 110, £ + 118, £15.

Let us first calculate the commutators needed to check the assumptions of Theo-
rem 3.1.

[A,C]=[A%,C] =0, [A, A*] =1d, (3.15)
and
[B.Cl=—0,V(q)0,. (3.16)
THEOREM 3.2. Let V(q) be a smooth potential such that
|8;V| < a(l + |8,]V|), for some constant « > 0. (3.17)

Also, assume that V(q) is such that the measure e~V'? satisfies a Poincaré
inequality'®. Then, there exist constants C, » > 0 such that for all hy € H'(p),
= Ce_M”hO”HI(p), (3.18)

e Fhy— / ho dp
H'(p)

where we recall that here L is the operator (3.5) .

Proof: We will use Theorem 3.1. Conditions (1) and (2) are satisfied, due
to (3.15). In [38, page 56 and Lemma A.19] it is shown that condition (3) holds
under the assumption (3.17) on the potential V. Now we turn to condition (3.14).

Let us first write the operator L= A*A + C*C (notice that L is elliptic),
L=pd,—02+0,Vd, — 2.

10Theorem A.1 in [38] gives some sufficient conditions in order for e~V to satisfy such an inequality.
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The operator £ is coercive if

/ (|8qh|2 + |a,,h|2) dp = «c|lhll>.

The above is a Poincaré inequality for the measure p (as we have already observed,
the kernel of 7 is the set of constant functions, so it suffices to write the Poincaré
inequality for mean zero functions, as we have done in the above). Therefore, in

order for £ to be coercive, it is sufficient for the measure p = e~V @e7*/2 to satisfy
a Poincaré inequality. This probability measure is the product of a Gaussian measure
(in p) which satisfies a Poincaré inequality, and of the probability measure eV,
In order to conclude the proof it is sufficient, therefore, to use the assumption that
e~ V@ gsatisfies a Poincaré inequality. O

More details about the above proof can also be found in [25].

We mention that while the hypocoercivity theory has rapidly become one of the
most popular techniques to study return to equilibrium for hypoelliptic-irreversible
processes, other avenues have recently been opened [24], based on spectral theory
and semiclassical analysis (in this context, we would also point out the paper [13]).
While the first approach mostly provides qualitative results, the latter allows a more
quantitative study. In other words, through the hypocoercivity techniques we only
know that some A > 0 exists, such that (3.18) holds; the spectral approach [24] gives
instead the exact rate of exponential convergence, i.e. it determines A. However,
in comparison to the hypocoercivity framework, spectral techniques only apply to
a more restricted class of hypoelliptic diffusions. Quantitative information for the
Ornstein—Uhlenbeck process has been obtained also by using the hypocoercivity-type
techniques [1].

4. Markov chain Monte Carlo

A standard and practical reference on MCMC is the book [30]. A rigorous
approach to the theory of Markov chains and some theoretical results about MCMC
are contained in [22]. The case for using MCMC is passionately argued in [11].

As we have already mentioned in Introduction, MCMC algorithms can be
employed for two purposes: i) sampling from a given target distribution 7 (x) which
is known only up to its normalizing constant or ii) approximate statistical quantities
of m, that is, calculate integrals of the form (1.1). In order to achieve either i)
or ii), the MCMC approach consists in building a Markov chain x, that has w
as (unique) invariant measure. Then, for example under an assumption of positive
recurrence, the ergodic theorem holds (e.g. for all f € L!), and the average on the
left-hand side of (1.3) is, for n large enough, a good approximation of the integral
on the right-hand side. We will not discuss here the very important practical issue
of how big n should be and other related issues.

In algorithmical practice, it is a standard procedure to start by building a chain
which admits the target measure m as unique invariant measure. This obviously does
not ensure that the chain will converge to w (in whichever sense, see Example 4.1
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below) and therefore a significant amount of literature has been devoted to the
study of convergence criteria applicable to MCMC chains. Reviewing these criteria
is beyond the scope of the present paper and we refer the reader to [14, 22, 34]
and references therein. However, for Markov chains as well as for continuous time
Markov processes, it is still the case that the great majority of the convergence
results concern reversible processes. This is mostly due to the popularity of the
Metropolis—Hastings algorithm, which we introduce in Section 4.1. Before presenting
the general algorithm, we start with a simple example (see [2]).

EXAMPLE 4.1. Suppose we want to sample from a measure 7w defined on a finite
state space S. In order to do so, we shall construct a Markov chain x, that converges
to m, in the sense that if p(x,y) are the transition probabilities of the Markov

chain x,, then we want . n
JLim ptCx, y) =7 (y). (4.1)

With the intent of constructing x, (or, equivalently, p(x,y)) we can proceed as
follows. Let g(x, y) be an arbitrary transition probability on S. Suppose the transition
matrix Q = (g(x, y))x,yes is symmetric and irreducible. Given such a Q (usually
called proposal transition matrix) and a probability distribution 7 (x) on S such that
w(x) > 0 for all x € §, let us now construct a new transition matrix P = (p(x, y))
as follows:
q(x,y) if 7(y)>m(x) and x #y,
T
pP(x,y) =1 q(x, y)% if m(y) <nw(x) and x # y, 4.2)
T(x
1— Zx#y p(x,y) otherwise.

It is easy to check that the matrix P = (p(x,y)) constructed in this way is an
irreducible transition matrix'!. Being the state space finite, this also implies that
P is recurrent and that there exists a unique stationary distribution. We can easily
show that such an invariant distribution is exactly m as P is reversible with respect
to w in the sense (2.4). (2.4) is obviously true when x = y. So suppose that
x #y and m(y) > m(x). Then, by construction, m(x)p(x,y) = w(x)q(x, y) but also
T(V)p(y,x) = q(y,x)[r(x)/7(y)]7(y) so that using the symmetry of g we get
7(y)p(y,x) = q(x,y)m(x) and we are done. If m(y) < m(x) we can repeat the
above with roles of x and y reversed. We are left with proving that the chain x,
with transition matrix P converges to m. We show in Appendix that convergence
(in the sense (4.1)) happens for any proposal Q unless 7 is the uniform distribution
on S (see Lemma A.l1). This is just to highlight, on a simple example where
calculations can be easily made by hand, that the convergence of the scheme can
depend on the target measure and not only on (. More complex (and meaningful)
examples on this point can be found in [33]. O

llMeaning that the whole state space is irreducible under P; this implies that the state space is also closed
under P (here we mean closed in the sense of Markov chains; that is, we say that a set A of the state space
is closed if whenever x € A and y is accessible from x then also y belongs to A. For a precise definition see
[10, page 246])
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The procedure (4.2) can be expressed as follows: given X, = x,,
(1) generate y, 1 ~ q(xp,");
(2) calculate

T (Yn+1) } 43)

CY()C,,, yn—H) = min {1,
7T (Xn)
3) set X,u) = Vntl with probability o(x,, y,+1)
" Xy, otherwise.
In practice, if U[0, 1] is the uniform distribution on [0, 1], the algorithm that realizes
the above is as follows.

ALGORITHM 4.1. Given X, = x,,

(1) generate yni1 ~ q(xn, -);

(2) generate u ~ UIO0, 1];

(3) if u < w(ypy1)/7w(x,) then X, 11 = yuy1; otherwise X,y = x,.

In words, given the state of the chain at time n, we pick the proposal
Ynt1 ~ q (X, -). Then the proposed move is accepted with probability o (4.3). If it
is rejected, the chain remains where it was. For this reason «(x,y) is called the
acceptance probability.

Algorithm 4.1 is a first example of a Metropolis—Hastings algorithm. Intuitively,
it is clear why we always accept moves towards points with higher probability. We
anyway make the obvious remark that if we want to construct an ergodic chain (in
the sense (1.3)) with invariant probability m then the time spent by the chain in
each point y of § needs to equal, in the long run, the probability assigned by m to
y, i.e. w(y). So we have to accept more frequently points with higher probability.

4.1. Metropolis—Hastings algorithm

Throughout this section our state space is RY. For simplicity we will assume
that all the measures we use have a density with respect to the Lebesgue measure,
so mw(x) will be the density of w and e.g. g(x,y) will denote the density of
the proposal g(x,-). A very nice presentation of the theory underlying the M-H
algorithm in general state space can be found in [37].

A Metropolis—Hastings (M—-H) algorithm is a method of constructing a time-
homogeneous Markov chain or, equivalently, a transition kernel p(x,y), that is
reversible with respect to a given target distribution m(x). To construct the -
invariant chain X, we make use of a proposal kernel g(x,y) which we know how
to sample from and of an accept/reject mechanism with the acceptance probability

N(y)q(y,X)}
Tr(x)gx,y) )

For simplicity we require that m(y)g(y,x) > 0 and m(x)g(x,y) > 0. The M-H
algorithm consists of two steps.

a(x,y) = min {1 (4.4)
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ALGORITHM 4.2 (Metropolis—Hastings algorithm). Given X, = x,,

(1) generate y, 1 ~ q(xp,-);
(2) calculate «(x,, y,+1) according to the prescription (4.4),

(3) set X4 = Yn+1 with probability o (x,, yu+1),
" Xn otherwise.

LEMMA 4.1. If o is the acceptance probability (4.4),(and assuming 7w (y)q(y, x) >
0 and w(x)q(x,y) > 0) the Metropolis—Hastings algorithm, Algorithm 4.2, produces

a m-invariant time-homogeneous Markov chain'?.

Proof: A proof of this fact can be found in [37]. O

REMARK 4.1. In order to implement Algorithm 4.2 we do not need to know
the normalizing constant for m, as it gets canceled in the ratio (4.4). However,
as observed in [30], we do need to know the normalizing constant for g: g is
a transition probability so by definition for every fixed x the function y — ¢q(x, y)
is a probability density, i.e. it integrates to one. However, the normalizing constant
of g(x,-) can, and in general will, depend on x. In other words, g(x,y) will in
general be of the form ¢q(x,y) = Z'G(x,y), with [dyg(x,y) = Z, so that the
ratio in the acceptance probability (4.4) can be more explicitly written as

T(VZ:q(y, x) }
() ZyG(x, y)

Clearly, if the proposal kernel is symmetric, g(x, y) = q(y, x), then there is no need
to know the normalizing constant for g, as the above expression for o reduces to

(4.3). This is a big appeal of algorithms with symmetric proposals, such as Random
Walk Metropolis, which we introduce below. g

alx,y) = min{l

REMARK 4.2. Let us repeat that M-H is a method to generate a m-reversible
time-homogeneous Markov chain. As we have already noticed, the fact that the
chain is m-reversible does not imply that 7 is the only invariant distribution for the
chain or even less that the chain converges to m. The matter of convergence of the
chain constructed via M-H is probably better studied case by case (i.e. depending
on the proposal we decide to use and on the target measure that we are trying to
sample from). Some results concerning convergence of the chain can be found in
[22, Chapter 20] and references therein or in [32, 33]. O

4.1.1. Random Walk Metropolis (RWM)

A very popular M-H method is the so called Random Walk Metropolis, where
the proposal y,;; is of the form

Yutl = Xpn +0&p41, o > 0;

121 emma 4.1 can be made a bit more general, see [37].
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for the algorithm that is most commonly referred to as RWM, the noise § is
Gaussian, i.e. £ ~ N(0,0?) so that g(x, y) ~ N (x,0?)!3. Therefore the acceptance
probability reduces to o = min{l, 7(y)/mw(x)}. The case in which the noise & is
Gaussian has been extensively studied in the literature, for target measures defined
on RM. We stress that the variables &;,...,&,,... are ii.d. random variables,
independent of the current state of the chain x,. Therefore the proposal move does
not take into account any information about the current state of the chain or about
the target measure. This is in contrast with the MALA algorithm, Section 4.1.2
below, where the proposal move incorporates information about the target. This
makes RMW a more naive algorithm than MALA.

Moreover, RWM is not immune to the curse of dimensionality: the cost of
the algorithm increases with the dimension N of the state space in which it is
implemented. Simply put: sampling from a measure that is defined on RY is more
expensive than sampling from a measure defined on RV~!. Here by cost of the
algorithm we mean the number of MCMC steps needed in order to explore the state
space in stationarity. In order to ameliorate this problem, it is crucial to choose
the proposal variance appropriately. In RV it is customary to consider 02 = cN 7,
where ¢,y > 0 are two parameters to be appropriately tuned, the most interesting
of the two being y. If y is too large then o2 is too small, so the proposed moves
tend to stay close to the current value of the chain and the state space is explored
very slowly. If instead y is too small, more precisely smaller than a critical value
¥, the average acceptance rate decreases very rapidly to zero as N tends to infinity.
This means that the algorithm will reject more and more as N increases. It was
shown in the seminal paper [31] that the choice y =1 is the one that optimally
compromises between the need of moving far enough away from the current position
and the need of accepting frequently enough.

4.1.2. Metropolis Adjusted Langevin Algorithm (MALA)

Consider the first order Langevin equation

dX, = =VV(X)dt + /2B~ 1dW,, 4.5)

where X, € R?, V(x) is a confining potential and W, is a d-dimensional standard
Brownian motion. 8 > 0 is a parameter (typically B~! is the temperature) which
from now on we fix to be equal to one, § = 1. This dynamics is ergodic; the
(unique) invariant measure has a density p(x) explicitly given by

-V
Z b
where Z is the normalizing constant. Moreover, under the stated assumptions on the

potential, X, converges exponentially fast to the equilibrium p. If we want to sample
from measures of the form (4.6), it is a natural idea to construct a Markov chain that

e

p(x) = (4.6)

B principle £ could be chosen to be any noise with density g(x) symmetric with respect to the origin,
g(x) = g(lxD.
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converges to p by discretizing the continuous-time dynamics (4.5). Unfortunately one
can readily see that naive discretizations can completely destroy the good properties
of the dynamics (4.5). Indeed, as pointed out in [32], suppose we discretize (4.5)
by using the Euler scheme with step /; that is, suppose we create a chain according
to

Xpp1 ~N(X, —hVV(X,),2hl,), 1; = d-dimensional identity matrix.

Suppose your target distribution is Gaussian with zero mean and unit variance
(corresponding to V(x) = |x|2/2) and choose h = 1. Then X, ~ N(0,2) for
every n. So clearly the chain converges immediately, but to the wrong invariant
measure. This is the most drastic example of what can go wrong. In general when
discretizing, the invariance of the target measure is only approximately preserved.
To correct for the bias introduced by the discretization one can make use of the
M-H accept-reject mechanism, which guarantees that the resulting chain will be
reversible with respect to the target measure; in this way we can guarantee that, if
the chain converges, it can only converge to the correct measure. To summarize,
the MALA algorithm is as follows: suppose at step n we are in X,. From X, we
propose to move to Y4,

Yoy := X, —hVV(X,) +vV2h &4, Ent1 '\“N(O’ 1).

Using (4.4)'* we then accept or reject the move to Y,,;. If Y, is accepted we
set X,+1 = Y41, otherwise X,+| = X,,.

We stress again that in the context of the MALA algorithm the accept-reject
mechanism can be seen as a way of properly discretizing the first order Langevin
dynamics. The resulting chain is reversible with respect to the target distribution.
Finally, also the MALA algorithm sufferes from the curse of dimensionality.

4.2. Sampling measures defined on infinite-dimensional spaces

As in Section 3.1, let { be a separable Hilbert space. Throughout the remainder
of the paper we assume that C is a bounded, positive and symmetric operator on H
with associated eigenvalues {A%} jen and orthonormal eigenvectors {¢;}cn, that is

2
C(pj = )\‘j(of'

We will also assume that C is trace class!® and that for some « > 1/2 we
have!®
K

)»J'Xj_ .

The next two algorithms that we present are aimed at sampling from measures on

1411 this case g(x, ) ~ N(x — hVV (x), 2hly)

I5We recall that a bounded, positive and symmetric operator on a Hilbert space is trace class. if
> e (Cor, 1) < o0

16The notation = means: there esist two positive constants ¢y, ¢ > 0 such that ¢ j™% <A; <cpj 7",
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the space #, in particular from measures of the form'’
dr(q) o e"®Ddmo(q),  m~N(0,C), q € H. 4.7)

That is, the measure 7 that we want to sample from is a change of measure from
the underlying Gaussian . By the Bayesian point of view, (4.7) can be interpreted
to be a posterior measure, given prior 7y and likelyhood &. More details on the
functional setting and in general on the material of this section can be found e.g. in
[4, 36]. For background reading on Gaussian measures on infinite-dimensional spaces
see [7]. It is natural to wonder why we would want to sample from a measure that
is defined on an infinite dimensional space. We explain this fact with an example.

EXAMPLE 4.2 (Conditioned diffusions). Consider the Langevin equation (4.5) in
a double well potential. That is, V(x) is confining and has two minima, say x~ and
xT. Suppose we are interested only in the paths X, that satisfy (4.5), together with
X(0)=x" and X(1) =x*. It is well known that, at least for low temperatures, if
we start the path in x~, the jump to the other potential well is a rare event, so
just simulating (4.5) subject to the initial condition X (0) = x~ does not sound like
a good idea. The approach that we want to present here is the following: one can
prove that the measure on path space (i.e. on L?[0, 1]) induced by the diffusion
(4.5), with X(0) =x~ and X (1) = x™, is indeed of the form (4.7) [36, Section 3.8
and references therein]. Sampling from such a measure means extracting information
from the desired paths. O

If we want to sample from 7 by using the MCMC approach, then we need to
construct a chain x,, defined on H, {x,} C H, such that & is the only invariant
measure of x, and x, converges to w as well. In other words, we need to construct
an algorithm that is well defined on the infinite-dimensional space . Assume we
have been able to find such an algorithm. It is clear that in computational practice
we cannot use the infinite-dimensional algorithm directly. So instead of using the
chain x,, we will use the chain x/, which is obtained by projecting each element of
x, on the space H" :=span{¢i, ..., py}. Therefore {x} C RY. One can prove that
the chain obtained in this way, as projection of an infinite-dimensional algorithm,
does not suffer from the curse of dimensionality. For example, the RWM algorithm
suffers from the curse of dimensionality (and it is in fact not well defined in infinite
dimension). However, it can be modified in such a way that the resulting algorithm
is well defined in H; such a modification is the pre-conditioned Crank—Nicolson
(pCN) algorithm (see [36]). It is also possible to prove that while the spectral gap of
the RWM chain tends to 0 as N — oo, the spectral gap of pCN does not, see [16].

4.3. Hybrid Monte Carlo

In view of the previous section, we will describe a version of the HMC algorithm
which is adapted to sampling from measures of the form (4.7) and is well defined

7We use the symbol “o” to mean “proportional to”, i.e. the LHS is equal to the RHS for less than
a multiplicative constant.
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in infinite dimension [5]. A very nice introduction to HMC can be found in [26].
The basic principle behind HMC is relatively simple: in order to sample from the
measure 7 defined on H we will create a Markov chain (g, vy) € H x H that
samples from the measure I1, on H x H, defined as follows

dTl(q, v) o dm(q)dmy(v), o ~ N, C).

Notice that the measure IT is the product of our target measure with a Gaussian
measure (in the v component). So effectively, in the long run, the only component
of the chain that we will be interested in is the first one, which is the one that
will be converging to mw. The measure I1 can be more explicitly written as

dll(g, v) « e~ *Ddmry(q)dmy(v), 7o ~ N0, C).

If we introduce the Hamiltonian

1 1
H(g,v) = (v, C ') + 5%, C™'g) + @(q), (4.8)

then one has
dll(g, v) o e @V

The Hamiltonian flow associated with the Hamiltonian function (4.8) can be written
as

F {q' =v
vV=—q—CVd(q).

The Hamiltonian flow F' preserves functions of the Hamiltonian and, at least in
finite dimensions, the volume element dgdv. It therefore preserves the measure II.
For this reason it is a natural idea to think of using a time-step discretization of
the Hamiltonian flow as a proposal move to create the chain (g, vy). However,
like in the MALA case, we still need to discretize the flow F'. We discretize the
Hamiltonian flow by “splitting” it into its linear and nonlinear part, i.e. by using
the Verlet integrator. The Verlet integrator is defined as follows: let R’ and ©' be
the flows associated with the following ODE:s:

R'": {‘?zv’ o : {‘?=O’ 4.9)
and let
X = 0O7? 6 R" 0 72, (4.10)
A time step discretization (of size k) of the flow JF' is then given by
h
Xf = X;0---0 )¢ |:—] times. “4.11)
T

We now have all the notation in place to introduce the HMC algorithm. Suppose
at time k the first component of the chain is in gx. Then
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(1) pick vy ~ N(0, C);
(2) compute
(‘1:+1’ UZ+1) = Xi (qk, vi),

and propose ¢;,, as next move;
(3) calculate the acceptance probability o, according to

a =1A e~ (H Gt (@i ve)—H (gie.vp) 4.12)

(4) set gxr1 = g, with probability «. Otherwise giy1 = gx-

REMARK 4.3. Some comments are in order:

e Notice that at each step the component v; is sampled independently from g;. If
the velocity variable was not resampled, the algorithm would be stuck in areas
with approximately the same probability.

e If 7{ is infinite-dimensional, the Hamiltonian function (4.8) is almost surely
infinite. However in order for the algorithm to be well defined, all we need is
for the difference (H (x!(qgk,vk)) — H(qk, vr) appearing in (4.12) to be finite. This
is indeed the case (and the choice of integrator was in fact driven by the need
to satisfy this requirement [5]).

e The generated chain is reversible with respect to the target density function.

e The above algorithm is well posed in infinite dimension i.e. for (g, v) € H x H.

O

5. An irreversible MCMC algorithm: the SOL-HMC

We now want to construct an MCMC algorithm which results from appropriately
discretizing the second-order Langevin equation. The algorithm that we will present
has been introduced in [23] and can be understood as a generalization of [17]. In
order to carry out such a discretization we will make use of a modification of the
HMC algorithm which we have just presented. Again, we want to sample from
a measure 7w of the form (4.7). First of all, let us rewrite the SOL equation in
a way adapted to our context,

dg =vdt,

5.1
dv =[—q — CV®(q)]dt — vdt + V2CdW,. G-b

Eq. (5.1) is well-posed in an infinite-dimensional context [23], it is ergodic and
it admits our target m as unique invariant measure. Again, like for the MALA
algorithm, if we discretize the equation naively we risk to destroy all the good
properties of the dynamics. In particular, if we were to discretize and then use the
Metropolis—Hastings accept-reject mechanism, we would end up with a chain that
does sample from the correct measure, but such a chain would be reversible. What
we want to do here instead is to discretize the irreversible Markov dynamics (5.1)
in such a way to produce an irreversible chain. It is clear that in order to do so
we will have to leave the comfort of the Metropolis—Hastings setting.
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In order to present the SOL-HMC algorithm, we first need to introduce the
numerical integrator that we will use. To integrate (5.1) numerically, we construct
an integrator which takes advantage of the structure of the equation highlighted in
Section 3.1. Namely, we look again at the splitting “Hamiltonian + OU process”.
Recall the definition of the flows R, ©’, Eq. (4.9), and define O’ to be the map
that gives the solution at time ¢ of the system

Ot . q = 07
o= —vdt +/2CdwW,.

Let x, and x” be defined as in (4.10) and (4.11), respectively. For given positive
parameters & and § (to be appropriately tuned), the proposal move and acceptance
probability of the SOL-HMC algorithm are then given by

(@*, v = (x" 0 O) (g, v) (5.2)

and * % 1)
o= 1Ae HGWVH-HO ARl (5.3)

respectively. With this notation in place, the SOL-HMC algorithm proceeds as
follows:
(1) given (g, vk), let
(- vi) = O (qi» vi))
and propose
(qu+1, v;:+1) = (X?)(QIL’ U,/{);

(2) calculate the acceptance probability «y, according to (5.3);
(3) set

(G515 Visr) with probability «,

. _ _ .
(Gk+15 V1) {05(%« —vg) with probability 1 — .

In words: if at step k we are in (gi, vx), we first calculate (g;,v;) (notice that
qr = qx)- Then we propose a move to (g, v; ;). If the move is accepted then
(Gk+15 Ver1) = (g1 Viyy). Otherwise we change the sign of the velocity, ie. we
consider (gx, —vx) and evolve for time § according to O°, so that (gis1, Vks1) =
O%(gr, —vr). Notice that in case of rejection of the proposal (G541 Viy) we do
not stay where we started from, i.e. in (g, vx), but we move to O%(gi, —vi).

REMARK 5.1. Again, let us make a few observations about the algorithm.

e The relevant energy difference here is H(q’, v')— H(g*, v*) (rather than H(q, v) —
H(g*, v*)); indeed the first step in the definition of the proposal (g*, v*), namely
the OU process (O%(g,v), is based on an exact integration and preserves the
desired invariant measure. Therefore the accept-reject mechanism (which is here
only to account for the numerical error made by the integrator x”) doesn’t need
to include also the energy difference H(q,v) — H(q', V).
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e The flip of the sign of the velocity in case of rejection of (¢*, v*) is there to
guarantee that the overall proposal moves are symmetric. This is done in order to
ensure that the acceptance probability can be defined only in terms of the ratio
I(g*, v*)/T(¢’, V'), i.e. in terms of the energy difference H(q',v") — H(g*, v*).
An interesting discussion on the matter can be found in [20, Chapter 2].

e The algorithm is well posed in finite as well as in infinite dimension.

e Most importantly, the algorithm produces an irreversible chain. How did we lose
reversibility? The important observation that this algorithm is based on is the
following [26]: detailed balance is not preserved under composition. That is, if
we consider a Markov transition kernel, say r, resulting from the composition of
transition kernels, each of them satisfying detailed balance, r does not, in general,
satisfy detailed balance as well. In the same way, each step of the SOL-HMC
algorithm satisfies detailed balance; however their composition does not. O

Beyond [17, 23] the only other MCMC irreversible algorithms that we know
of are [6, 8] (see also references therein). The advantages of irreversibility by the
point of view of asymptotic variance have also been investigated in [9, 28, 29].

Appendix

LEMMA A.1. With the setting and assumptions of Example 4.1, if w is not the
uniform distribution then the chain x, with transition probabilities p(x,y) defined
in (4.2) converges in the sense (4.1) to the target distribution w for any choice of
the (irreversible and symmetric) proposal matrix Q. If w is the uniform distribution
then convergence may happen or not, depending on Q.

Proof: (See [2] for more details on this proof) The proof is quite simple so we
only sketch it. A time-homogeneous Markov chain (MC) on a finite state space S is
said to be regular if there exists a positive integer k > 0 such that p*(x,y) > 0 for
all x,y € §. Clearly a regular MC is irreducible. It is easy to prove the following:
if for any x and y in S there exists an integer n > 0 such that p"(x,y) > 0 and
there exists a € S such that p(a,a) > 0 then the chain is regular. (Notice that k
is independent of x and y whereas n = n(x, y), i.e. it depends on the choice of x
and y.) A standard result in the basic theory of MCs states that if x, is a regular
chain on a finite state space then the chain has exactly one stationary distribution
w, and

nli)rgo plx,y) =m(), for all x and y € S. (A.1)

With these premises, and assuming that m is not the uniform distribution on
S, we want to show that the chain with transition matrix P is regular. Recall
that Q is irreducible, hence P is irreducible as well, therefore it is true that
for all x,y there exists n = n(x,y) > 0 such that p"®Y(x,y) > 0. Therefore
we only need to find a state @ € S such that p(a,a) > 0. Let M be the set
M ={x € §:m(x) =max,cs(y)}. Because Q is irreducible there exist a € M and
b € M°¢ such that g(a,b) > 0 and clearly by construction 7(a) > m(b). Notice also
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that from the definition of P, p(x,y) <gq(x,y) for all x #y. Then

pla,a)=1-Y pla,x)=1- Y pa,x) - p(a,b)

x#a x#a,b

>1— ) qla,x)—qa,brb)/7(a)
x#a,b

=1-) qla,x)+q(a,b) [l —x(b)/ ()]
x#a

=q(a,a)+q(a,b)[1 —n(b)/m(a)] = q(a,b)[1 —n(b)/m(a)] > 0.

On the other hand if m(x) is the uniform distribution on S then p(x,y) =q(x,y)
so, because ¢(x,y) is symmetric, detailed balance is still satisfied so m is still
invariant'®. However, if ¢(x, y) is periodic then convergence in the sense (A.1) does
not take place. (However, ergodic averages will still converge). ]
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For a quantum channel (completely positive, trace-preserving map), we prove a generalization
to the infinite-dimensional case of a result by Baumgartner and Narnhofer [3]: this result is,
in a probabilistic language, a decomposition of a general quantum channel into its irreducible
recurrent components. More precisely, we prove that the positive recurrent subspace (i.e. the
space supporting the invariant states) can be decomposed as the direct sum of supports of
extremal invariant states; this decomposition is not unique, in general, but we can determine all
the possible decompositions. This allows us to describe the full structure of invariant states.

Keywords: quantum channel, (extremal) invariant state, enclosure.

1. Introduction

The time evolution of states of a closed quantum system is usually described as
the conjugation by a group of unitary operators on the Hilbert space representing
the state space of the system. When the system is open, that is, interacts with
its surroundings, the situation is more complicated and rigorous treatment usually
requires approximations. The most standard approach was put on solid mathematical
ground by Davies in the seventies (in [12], see also [13]), and leads to describe
the system’s evolution by a semigroup (®;),er, of linear maps on the set of
states (i.e. positive, normalized functionals acting on the set of operators on the
Hilbert space) with specific algebraic properties (see Section 2). Many features of
these continuous parameter semigroups are already contained in the case of discrete
semigroups (®"),cn. In addition, the interest in the discrete case was renewed by
quantum computation theory (where the maps ® model quantum gates, see [21])
and by quantum repeated interaction systems, see [7]. We therefore restrict ourselves

[293]
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to the discrete case, and focus on the study of & = ®!, a linear map which is
completely positive and trace-preserving. Such a map is called a quantum channel.

The study of ergodic properties of an open quantum system is related to the
study of invariants of &, and of the associated spectrum. Analogies with operators
associated with Markov chains (see Example 2.1) inspired the development of
a notion of irreducible quantum channel by various authors in the seventies and
eighties (see [1,15,16,19]), with different (and sometimes conflicting) definitions and
implications. Associated with this notion is the possibility to decompose a reducible
quantum channel into a sum of irreducible ones. A vision of this decomposition
as related to an intuitive notion of trajectories (as for Markov chains), however,
was not developed explicitly before the work of Baumgartner and Narnhofer in [3],
where it is done in the case of a finite-dimensional Hilbert space.

In [11], we studied open quantum random walks, a special class of evolutions
belonging to the above case. This led us to restate and extend the results of [3] to
the case of open quantum random walks, which required in particular an extension
to the infinite-dimensional case. Our proofs, however, apply to a wider class of
evolutions than just quantum random walks. We therefore describe our results in
full generality here. Even if the statements of the results remain the same, we
underline that the infinite-dimensional context forces to have various modifications
with respect to the original proofs presented in [3]: the existence of a null recurrent
subspace has to be considered here and this affects the ergodic properties of the
process (see e.g. Theorem 2.1 in [18]); also compactness arguments and spectral
properties need a little more attention; the characterization of minimal enclosures
(Proposition 5.3), for instance, requires completely new elements here.

The structure of this article is as follows. In Section 2, we describe our framework
and in particular the evolutions @ of interest, the so-called quantum channels. In
Section 3, we recall the different notions of irreducibility. In Section 4, we define
enclosures, our key tool, which originated in [3]. In Section 5, we describe the
relation between enclosures and supports of invariant states. In Section 6 we discuss
the structure of invariant states of a simple reducible evolution. In Section 7, we
state our general decomposition theorem, that describes irreducible decompositions
of evolutions and the general structure of the set of invariant states. In Section 8§,
we apply these results to a number of examples.

2. States and quantum channels

In this section we give a short summary of the theory of quantum channels,
i.e. completely positive, trace-preserving maps on an ideal of trace-class operators.
We fix a separable Hilbert space 4, which is supposed to play the role of a state
space for a quantum system. We denote by Z;(#H) the set of trace-class operators
on H (see [22]), and equip it with the topology induced by the trace norm. We
recall that the topological dual Z;(H)* can be identified with the algebra B(#H) of
bounded linear operators through the Schatten duality (o, X) + Tr(p X). Therefore,
the topology of Z;(H) is the same as the weak topology induced by B(H). We
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also recall that an operator X on 7 is called nonnegative (respectively positive
or positive-definite), denoted X > 0 (resp. X > 0), if for ¢ € H \ {0}, one has
(p, X @) =0 (resp. (¢, X¢) > 0).

The states of a system will be represented by an operator belonging to a specific
class:

DEFINITION 2.1. An operator p is called a state if it is self-adjoint (i.e. p = p*),
nonnegative, and is trace-class with trace one. We denote by S(?) the set of states
on H. A state is called faithful if it is positive definite.

REMARK 2.1. In the literature, a state is sometimes defined as a positive linear
form on B(H) mapping Id to 1, i.e. as an element of the set

BH): = {n € B(H)* st n(X) =0 for X >0 and n(ld) = 1}

equipped with the weak-* topology. The objects defined in Definition 2.1 are then
called normal states. Obviously S(7) is homeomorphic to a subset of B(?—l)i,l.

Consider now a linear map ® on Z;(#H). We say that this map is positive if
it maps nonnegative elements of Z;(7) to nonnegative elements of Z;(7). We say
that it is n-positive, for n € N, if the map ® ® Iday, ) is positive as a map on
Zy(H ® C"); and completely positive if it is n-positive for any n in N. We say
that it is trace-preserving if, for any p € Z;(H), one has Tr(®(p)) = Tr(p); in
particular a positive trace-preserving map induces a map on S(#). Our main objects
of interest will be maps that are completely positive and trace-preserving.

DEFINITION 2.2. A completely positive, trace-preserving map on a space Z;(H)
is called a quantum channel on H.

REMARK 2.2. A positive linear map on Z;(H) is automatically bounded (see
Lemma 2.2 in [24]), so that it is weak-continuous.

The following theorem states a well-known fact about quantum channels (see
[20,21]).

THEOREM 2.1. A linear map ® on I,(H) is completely positive if and only if
there exists a family (V;)ie; of operators on H such that for any p in I;(H),

®(p) =) VipV;". @.1)
iel
If in addition ® is trace-preserving, then the operators V; satisfy the relation
D VRV =1dy.
iel
The decomposition (2.1) is called the Kraus form of &, and the family (V;);¢s
an unravelling. Note that an unravelling of @ is not unique (see [21] for more
details).

We have mentioned that a source of inspiration is the analogy between quantum
channels and Markov chains. In the following example we point out that Markov
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chains are a special case of quantum channels. Note that, for any two vectors x
and y in a Hilbert space H with scalar product (-, -) (which we assume is antilinear
in the left variable), we denote by |x)(y| the map z — (y,z) x.

EXAMPLE 2.1. Consider a Markov chain (X,), on a countable set E with
transitions p; ; = P(X,41 =i | X, = j). If we let H be 0%(E), the set of (complex-
valued) square-summable sequences indexed by E, denote by (e;);cg the canonical
orthonormal basis, and consider V; ; = ,/p; jle;)(e;| for i, j in E, then (2.1) defines
a quantum channel which maps ), 7, (i) ®|e;){e;| to D, p Tay1(i) ®|e;) (e;| where
Tpt1 = pm,. In addition, any invariant state is of the form p =), . w(i)le;) (el
with (7 (i));cg an invariant probability measure for the Markov chain.

REMARK 2.3. Trace-preservation of a map @ is equivalent to ®*(Id) = Id. The
adjoint ®* is then a positive, unital (i.e. ®*(Id) = Id) map on B(#), and by the
Russo-Dye theorem [23] one has ||®*|| = || ®*(Id)|| so that |®| = ||*|| = 1.

A quantum channel represents the (discrete) dynamics of an open quantum system
in the Schrodinger picture (see [21] for more details). We denote by F(®P) the
subset of Z;(#H) of invariant elements of ® and we will be specifically interested
in the set S(H) N F(P) of invariant states, i.e. elements of S(#) that are invariant
by ©.

For a state p we will consider its support, which is defined as the range of the
projection Id — Py(p), where

Py(p) = sup{P orthogonal projection s.t. p(P) = 0}.

The supremum taken above is considered with respect to the order induced by the
relation > for operators, and always exists in the present situation. Following [18],
we denote

R = sup{supp p | p an invariant state}

so that by definition, suppp C R if p is an invariant state. This space is often
called the fast recurrent space, in parallel with the classical case, where the fast
recurrent configurations are the ones which support the invariant probability laws.
The orthogonal complement of R is

D={xeH|{x,px)=0 for any invariant state p}.

REMARK 2.4. In [3], the states R and D are defined without reference to the
set of invariant states as

D={xeH|{x,®"(p)x) —> 0 for any state p}
n—oo
and R = D*. These different definitions of R and D are equivalent in finite
dimension.

REMARK 2.5. The space D is the sum of the transient and slow recurrent
subspaces, as defined in [26].
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3. Irreducibility

Before we discuss decompositions of quantum channels, we need to discuss
the relevant reducing components of the decomposition, i.e. irreducible quantum
channels. As we will see in Proposition 3.2, irreducibility is strongly connected
with the uniqueness of the invariant state.

As we already mentioned in Introduction, however, different definitions of irre-
ducibility of quantum channels can be found in the literature. We will briefly recall
them here. First we need to define some relevant concepts.

DEFINITION 3.1. Let & be a quantum channel on S(H). We say that an
orthogonal projection P:
e reduces ® if we have dD(PI] (’H)P) C PIiy(H)P,

e is subharmonic for ®* if ®*(P) > P.
The complete proof of the following Proposition is given in [11].

PROPOSITION 3.1. Let ® be a quantum channel on ZI;(H). The following
properties are equivalent:
e & is Davies-irreducible: the only orthogonal projections reducing ® are P =0

and 1d;

e the only orthogonal projections that are subharmonic for ®* are P = 0
and 1d;

e ergodicity: for any state p, the operator (expt®)(p) is definite-positive for
any t > 0.

We say that @ is irreducible if and only if any of the above properties holds.

REMARK 3.1. Regarding the above concepts and their interrelations:

e The equivalence between the first two properties follows from the simple
observation that an orthogonal projection reduces @ if and only if it is
subharmonic for ®* (see [11, Proposition 3.3]).

e The definition of ergodicity given here originates in [24], and extends the
definition given in [16] to infinite-dimensional H.

e There exists yet another notion of irreducibility: one says that & is Evans-
irreducible if the only orthogonal projections that are harmonic for @, i.e.
such that ®*(P) = P, are P =0 and Id. Clearly Davies-irreducibility implies
Evans-irreducibility, but the converse is not true in general.

In the same fashion as for Markov semigroups, there exists a Perron—Frobenius
theorem related to the property of irreducibility. We state it in the next proposition,
in a form essentially due to Schrader in [24].

PROPOSITION 3.2. Let ® be a quantum channel on I,(H), and assume it has
an eigenvalue )\ of modulus 1, with eigenvector p. Then:
e 1 is also an eigenvalue, with eigenvector |p| = (p*p)'/?,

e if @ is irreducible, then A is a simple eigenvalue and |p| > O.
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REMARK 3.2. Proposition 3.2 still holds if & is not completely positive and trace-
invariant, but simply 2-positive. For this reason, the same statement holds when the
map @ on Z;(H) is replaced with the map ®* on B(#), and all subsequent results
about quantum channels will hold for 2-positive and trace-invariant maps on Z;(H),
as long as they do not involve the Kraus form or unravelling of .

An immediate consequence of this proposition is that an irreducible quantum channel
on Z;(H) has at most one invariant state. In Sections 6 and 7 we will study the
relations between the invariant states of a reducible quantum channel and the invariant
states of its irreducible components.

4. Enclosures and communicating classes

For Markov chains, it is well known that irreducibility is related with the notion
of communication within the induced graph. In addition, communicating classes have
an explicit description as orbits of points, and are the relevant objects to break down
a reducible Markov chain into irreducible ones. In this section we introduce the
notion of enclosure, that will parallel the notion of closed set for Markov chains,
and allows us to study irreducible decompositions of quantum channels.

DEFINITION 4.1. Let ® be a quantum channel. A closed subspace V is an
enclosure for @ if, for any state p, suppp C V implies supp @(p) C V.

We will call nontrivial any enclosure which is neither {0} nor 7. Clearly,
a subspace V is an enclosure if and only if it is the range of a reducing
orthogonal projector. Therefore, a quantum channel @ is irreducible if and only if
it has no nontrivial enclosures. Enclosures are relevant to reducibility properties and
consequently to many other features of the channel; indeed, the notion of enclosure
has been used in literature with different names (see for instance [4,5,8]).

We now prove a simpler characterization of enclosures.

LEMMA 4.1. A closed vector subspace V of H is an enclosure if and only if,
for any x in V with ||x|| =1, the state ®(|x){x|) has support in V.

Proof: Let p be a state with support in V. The spectral decomposition of p
is of the form ) ,_, Aile;)(e;| with A; >0, Y .., 4 =1 and ¢; € V. Therefore,
supp ©(le;)(e;]) C supp P(p), which shows the direct implication; in addition, the
support of ®(p) is the supremum of the projectors on the ranges of ®(|e;)(e;|)
and this shows the converse. [

This has the following useful corollary. Note that, for (V;);c; a family of closed
subspaces of H, we denote by e.g. Vi+WV,+... or ) ., V; the closed vector space
generated by (J;; Vi.

COROLLARY 4.1. Let V| and V, be two enclosures. The closed subspace Vi +V,
is also an enclosure.
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Proof: By a direct computation, |x;—+x2){(x1+x2| < 2 |x1){x1|4+2 |x2)(x2]| for x1, x»
in Vj, V, respectively. Applying Lemma 4.1 shows that V|, + ), is an enclosure. [

This allows us to obtain an explicit characterization of enclosures in terms of
unravellings of @, and connect them to a notion of orbit under the action of possible
transitions of &.

PROPOSITION 4.1. Consider a quantum channel ® with unravelling (V;)ic;. A
subspace V of H is an enclosure if and only if V;V CV for any i.

Proof: The proposition follows from Lemma 4.1 and the fact that, by the trace
norm continuity of ® one has for any x € V,

O(lx)(x) =D _[Vix)(Vix|. O 4.1)
iel
Our goal is to consider enclosures defined as the set of points accessible from
a given initial x € /. Proposition 4.1 suggests a natural definition and proposition.

PROPOSITION 4.2. Let ® be a quantum channel on I;(H). Let (V;)ic; be an
unravelling of ®. For x in H\ {0}, we call enclosure generated by x the closed
vector space

Enc(x) = Cx + span{V;, ---V;, x, |n € N*, iy, ..i, € I}. 4.2)
With this definition, the space Enc(x) is the smallest enclosure containing x.

Proof: It follows from (4.1) that Definition (4.2) also satisfies

Enc(x) = span{supp ®"(|x)(x|), n > 0}. 4.3)

This shows that Definition (4.2) is independent of the choice of unravelling. The
fact that Enc(x) is an enclosure then follows from Proposition 4.1. O

REMARK 4.1. This implies in particular that a quantum channel @ is irreducible
if and only if ‘H = Enc(x) for any x in H \ {0}.

We can define a notion of accessibility among vectors in H, related to the notion
of enclosure, and consider an equivalence relation. We will argue, however, that this
will not immediately provide us with an interesting decomposition of a quantum
channel.

DEFINITION 4.2. For x, y in H, we say that:
e y is accessible from x (and denote it by x—y) if y € Enc(x);

e vy and x communicate (and denote it by x<>y) if Enc(x) = Enc(y).

One can immediately observe that accessibility is a transitive relation, and
communication is an equivalence relation. We denote by C(x) the equivalence class
of a vector x in H for the relation <>,

C(x) ={y € Enc(x) s.t. x € Enc(y)}.



300 R. CARBONE and Y. PAUTRAT

An equivalence class of a vector x by < is a subset of Enc(x) but it is not
a vector space since, for x # 0, C(x) cannot contain 0. Even adding the point O
may fail to make C(x) a vector space, as the next example shows.

EXAMPLE 4.1. Take H = C? and denote by e, e, its canonical basis. Consider

a quantum channel ® on Z;(H) with unravelling (Vi, V2) given by Vi = /p (8 (1))

and V, = (é JP—T) for some p € (0,1) so that, for p = (g;} ﬁéz%) in Z,(H), we

have
®(p) = ppr2+p1i1 A1 —ppin
JI=ppi (1=p)p2n

By an immediate direct computation, the state |e;)(e;| is the only invariant state of
this map. We want to describe the equivalence classes and the enclosures of the
map ®. We notice that, for any vector u = '(uy, u;) in C?,

~(lwl? wa, [ plualP 4w > VT=puiny
)y (u| = (" 2) so that @ (Ju){u]) = ! 2.
uuy |usl J1—=puwus (1 — p)lus]

It is immediate that ®(Ju)(u|) is a positive-definite matrix whenever u, # 0, so that
e supp ®"(le;){ei|]) = Ce; for all n >0,
e for uy # 0, supp ®"(Ju)(u|) = C* for all n > 1.
Identity (4.3) allows us to determine all the enclosures and equivalence classes:
e Enc(0) = C(0) = {0},
e Enc(e;) = Ce; and C(ey) = Enc(ey) \ {0},
e for all u € C*>\ Ce;, Enc(u) = C? and C(u) = C*\ Ce,.

Supports of invariant states, on the other hand, are always vector spaces. Therefore,
the naive approach of considering the partition of H induced by the relation <> to
obtain a relevant decomposition of a quantum channel into irreducible such maps
fails, as it does not seem to involve the vector space structure. A natural idea,
derived from the study of Markov chains, is to consider specifically minimal objects.
We therefore give the following definition of a minimal enclosure:

DEFINITION 4.3. Let V be an enclosure. We say that V is a minimal enclosure if
any enclosure V' satisfying V' C V is either {0} or V. We say that V is a minimal
nontrivial enclosure if in addition V # {0}.

The following easy proposition shows that this notion is indeed relevant.

PROPOSITION 4.3. C(x) = Enc(x) \ {0} if and only if Enc(x) is a minimal
nontrivial enclosure.

Proof: If C(x) = Enc(x) \ {0}, then, for all y in Enc(x) \ {0}, we have Enc(x) =
Enc(y) and consequently Enc(x) is minimal. Conversely, if V = Enc(x) is a minimal
enclosure, for any y in V\ {0}, Enc(y) is a nontrivial enclosure contained in V so
that Enc(y) = V. Therefore x<>y and V = C(x) U {0}. O
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5. Enclosures and invariant states

Baumgartner and Narnhofer in [3] studied a decomposition of a quantum channel
related to the supports of extremal invariant states, in the case of a finite-dimensional
space H. In the present paper, we extend this analysis to the infinite-dimensional
case. For this we will need to relate extremal invariant states to minimal enclosures.
We will see that the form of invariant states for the quantum channel is dictated by
the uniqueness or nonuniqueness of the decompositions into minimal enclosures and
that this is related to the existence of mutually nonorthogonal minimal enclosures.
The first result is as follows.

PROPOSITION 5.1. Let ® be a quantum channel on H.
1. The support of an invariant state is an enclosure.
2. The fast recurrent subspace R is an enclosure.

Proof: To prove the first point, fix an invariant state pg, and let p be another
state with support contained in supp pp. Fix an orthonormal family of eigenvectors
for po generating supp pp, and let Xy be the set of finite linear combinations of
these vectors. This set X, is dense in supp pp and for every x in X, there exists A
such that |x)(x| < Apg. Therefore there exists an approximation of p in the Z,(H)
norm sense by an increasing sequence of finite-rank operators (p,), such that for
every p there exists a A, with p, < A,p0, so that ®(p,) < A,P(pp) and therefore
supp ®(p,) C supp po. The sequence P(p,) is increasing and weakly convergent to
®(p) so that supp ®(p) C supp po, which proves that supp py is an enclosure.

To prove the second point, associate with every invariant state p the orthogonal
projector P, on its support. Then the orthogonal projector P on R is the supremum
of the family (P,),. For any invariant state p, P, is subharmonic, i.e. ®*(P,) > P,
and moreover, ®*(P) > ®*(P,) > P,, so that ®*(P) > P and the conclusion
follows. (]

REMARK 5.1. The first point of the previous proposition has already been proven
in [17] and [26] in the dual setting, i.e. considering reducing projections for &*. If
‘H is separable, the second point can also be derived from a result in [26] which
proves that there exists an invariant state with support equal to R.

REMARK 5.2. The converse of point 1 of Proposition 5.1 is not true. Consider
Example 2.1 associated with the symmetric random walk on Z. Then H = ¢*(Z) is
an enclosure but the quantum channel & has no invariant state.

PROPOSITION 5.2. Let V be an enclosure, VW be a subspace of H which is
in direct sum with V, and Py and Py be the projections associated with the
decomposition V @ W. Consider a state p with support in V @& W and denote

py = Py p Py, ow = Pw p Py, pc = Py p Py, pc = Pwp Py.
Similarly, decompose ®(p) into ®(p)y + ®(p)w + P(p)c + P(p)p. Then
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L. Py (®(pc) + ®(pp)) Py =0,
2. if Z is another enclosure with V C Z C 'R, then Z NVL is an enclosure,
3. if W is also an enclosure, then
P(p)y =P(pv),  P(Ew = P(pw), P(p)c =Plpc), P(p)e = o).
Proof:
1. Let Ky = é,ov + (oc + pc') + € pyy. We have ki, > 0 (as can be checked
from (u, kieu) = (uy sz KUy 7)., Where uy ;= %g Pyu £ /¢ Pyu), so that

® (k1) > 0, and, because V is an enclosure, the support of ®(py) is contained
in V, so that

Py @ (kxe) Py = £Pw (P (oc) + P(p0)) Pw + & Py ®(py) Py > 0,
and by necessity Py (®(pc) + P (p7)) Py = 0.
2. Consider W = ZNV* and p any invariant state; then

ov + pw + pc + pe = P(py) + D(pw) + P(pc) + D (o).

Considering Py - Pyy this yields pyy = PP (ow) Py, so that Py @ (py) Py
is positive with zero trace. Therefore Py ®(pyy) Py = 0 which implies
Py ®(pyw) = (o) Py =0 and so pyy = P(pyy). As the support of a station-
ary state, supp pyy = supp o N ZNV+ is an enclosure. By the same argument
used to prove point 2 of Proposition 5.1, the supremum of suppp N ZNV+
over all possible invariant states p is still an enclosure, and this is Z NVt

3.If ¥V and W are enclosures, then by definition supp ®(py) C V and
supp @(pyy) C W. The equality

(py) + P(pw) + @ (pc) + P(pp) = P(P)v + P(P)w + P(p)c + (o)

implies ®(py) = ®(p)y and P(pyy) = P(p)yw. We then have D(p)c +
®(p); = P(pc) + P(pp). Since Ranpec C V C Kerpe and V;V C V for all
i by Proposition 4.1, one has Ran®(pc) C V C Ker®(pc) and therefore
Py ®(pc) Py = 0. This implies ®(p;) = ®(p); and similarly ®(pc) = ®(p)c.

O

COROLLARY 5.1. For any enclosure V contained in R, there exists an invariant
state p such that suppp C V.

Proof: By definition of R, there exists an invariant state p with supp p NV # {0}.
By Proposition 5.2, Py p Py is (up to normalization) an invariant state with support
in V. O

We will now discuss the connection between minimal enclosures and extremal
invariant states, i.e. states p such that p =t p;+(1—1¢) po, with p;, po in S(H)NF(P)
and 7 € (0, 1), implies p; = p» = p.

REMARK 5.3. The distinction between states and normal states mentioned in
Remark 2.1 does not lead to an ambiguity: by Example 4.1.35 in [6], the set S(H),
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when viewed as a subspace of B(H)* 1> 1s a face, so that p € S(H) is extremal
regarding convex decompositions in S(H) N F(®) if and only if it is extremal
regarding convex decompositions in B(H)? i | NF (D).

The following proposition is the main result in this section.

PROPOSITION 5.3. A subspace of R is a minimal enclosure if and only if it is
the support of an extremal invariant state. Moreover, any enclosure included in R
contains a (nontrivial) minimal enclosure. Equivalently, for any invariant state p,
there exists an extremal invariant state pex With supp pex C supp p.

Proof: If V is a minimal enclosure contained in R, then by Corollary 5.1,
there exists a ®-invariant state py with support in V. By the discussion following
Definition 4.1, the restriction of ® to Z;(V) is irreducible. Proposition 3.2 shows
that py is the unique ®-invariant state with support in V, and supp py = V. This
py must be extremal since py =t p; + (1 —t) pp with p;, p, invariant states and
t € (0,1) would imply that p;, p, are invariant states with support in )V but then
by uniqueness, py = p; = ps.

Conversely, if ¥V = supp p with p an extremal invariant state, then by Proposition
5.1, V is an enclosure. If we suppose, by contradiction, that it is not minimal,
then there exists an enclosure W with W C V C R and, by Corollary 5.1, an
invariant state o’ with supp o’ C W. Since p is faithful on V, by the same argument
as in the proof of Proposition 5.1, we can approximate p’ in the Z;()) norm
sense by a sequence (,o;,) p of finite-dimensional operators such that for every p,

there exists A, with p; < App. If we let ¥, = %ZZ;& ®* then by a standard
compactness argument, (W, (p;,)),, converges weakly to a ®-invariant nonnegative
trace-class operator Py which therefore satisfies ,o;“’ < A, p. The extremality of p
implies that ,op" is proportional to p. This in turn implies that (¥,(p")), converges
weakly to p, but W,(p’) = p’ by the ®-invariance of p’. Therefore, p’ = p,
a contradiction.

By Proposition 5.1 and Corollary 5.1, the second and third claims are equivalent.
To prove the second onme, consider the maps ®7, on the set B(R) of bounded
operators acting on R defined by

&% (PrxPr) = PR®*(x) PR,

inv

and denote by F(®%) the vector space of the fixed points for ®%, i.e. F(P%) =

(X € PrRB(H)Pr : CD* = (X) = X}. We know that F(®%) is the image of a normal
conditional expectation by Theorem 2.1 of [18]. The proof of Theorem 5 of [25]
shows then that F(®Z) is an atomic subalgebra. It is trivial to verify that the
projections contained in .7-" (®%) are exactly the projections on enclosures contained in
R. So, for any enclosure V, we consider the corresponding projection Py € F(®%);
but since F(P%) is atomic, it contains a minimal projection P’ < P and the range
of P’ is then a minimal enclosure contained in V. O
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REMARK 5.4. The proof of point 3 of Proposition 5.3 can be given in a more
constructive way: consider an invariant state p, which by restriction one can
assume is faithful, i.e. with support . By the Banach—Alaoglu theorem, the set
B(’H)"_‘h1 NF(P) is a compact, convex, metrizable subset of the locally convex space
B(H)* equipped with the weak-* topology. By Theorem 4.1.11 and Proposition 4.1.3
in [6], and the fact that affine maps on B(H)* are exactly the maps n > n(X)
for X € B(H), there exists a Borel probability measure w in B(H)*, such that
p(X) = f n(X)du(n) for any X, and w has support in the set of extremal states of
B(H); ; N F(®). Since in addition the set S(H) N F(P) is a face, u has support
in the set of extremal states of S(H) N F(®P). For any Borel set B of B(H)*
with w(B) > 0 one can define pp = ﬁflg n(X)du(n). This pp is a state with

supp pp C supp p. By considering a sequence of Borel sets that are balls B(pp, %)
for the metric compatible with the weak-* topology restricted to the unit sphere of
B(H)*, one has for p-almost all py that PB(py 1y = PO in the topology of S(H),

so that supp po C supp p.

For any quantum channel &, point 2 of Proposition 5.2, together with Proposition
5.3, will allow us to decompose the space R associated with & into a direct sum
of minimal enclosures, and each of them is the support of an extremal invariant
state. We give the following sequel to the two results quoted above, that essentially
shows that the procedure of taking orthogonal complements is efficient in terms of
decomposition into minimal enclosures.

LEMMA 5.1. Let V=V, + -+ V, + V11, where the V;, i =1,...,n+1, are
distinct minimal enclosures contained in R, and V; L V; for i # j in 1,...,n.
Then there exists a minimal enclosure V,/l 41> orthogonal to Vi,...,V, and such that

V=V +...+V, + ,’Hl. If n =1 then one can take V5 =1V N VIL. In particular,
if a subspace of R can be written as a sum of minimal enclosures, then it can be

written as a sum of mutually orthogonal minimal enclosures.

Proof: Let us first prove the claim for n = 1. We know that V is an enclosure
as direct sum of two enclosures and so by Proposition 5.2, V), is an enclosure. If
V, L V) then V) =V and there is nothing to prove. Assume therefore that 1V, L V.
Proposition 5.3 provides us with a nontrivial minimal enclosure W C V). Then W ¢
V, for otherwise W =1, C V; and V, L V), a contradiction. Since W C V; + )V,
there exists w = v;+ vy in W with v; € V; and v; #0 for i = 1,2. Then 0 # v, =
w—v; € V\oN(W++YV,). Since V5 is a minimal enclosure one must have V, C W+ YV,
so that V;+V, = Vi +W and necessarily VW = V. This proves the minimality of V.

Now if n > 1, define V, |, = Vi + Vit1) NVi. By the preceding discussion,
V411 is orthogonal to Vi and Vi + V,p1 = Vi +V,,, . Then define V, , , =
WM+ V00 ﬂVZL. This V, ., , is now orthogonal to Vi and V; and V2 +V, | =
Va4V 1, s0 that Vi + Vo + V1 =V + WV +V, . lterating this process gives

the desired V,,, in the form of V), e 0
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We therefore have our main tool for decompositions of quantum channels into
irreducible ones. We wish to relate these decompositions to the structure of invariant
states of ®. In the case of Markov chains, it is well known that these are all convex
combinations of the extremal invariant states associated with irreducible parts in the
decomposition. We will see in the next section, however, that this is not the case
for general quantum channels.

6. Invariant states of nonirreducible quantum channels

In this section we study the last ingredient of our decomposition, that is, how the
invariant states of a quantum channel on a sum V; + )%, of two minimal enclosures
relate to the extremal invariant states associated with these two minimal enclosures.
We will see that this relation will depend on the uniqueness of the decomposition
Vi + Vs

Let us define what we mean by this uniqueness. We say that the decomposition
of a subspace Z of R in a direct sum of minimal enclosures is unique, if, whenever
(Va)aca and Wg)pep are two families of minimal enclosures with

Vo NV, = {0} for any «a # o/, Wg N Wy = {0} for any B # B,

and Z = 3,4, Va = D 53 Wp, then the sets {V,, « € A} and {Wg, B € B)
coincide, and in particular A and B have the same cardinality.

The following lemma characterizes the situations when the decomposition of
a subspace as the direct sum of two enclosures is unique. First remark that, by
point 2 in Proposition 5.2, if x and y are in R then

e cither Enc(x) L Enc(y),

e or x ¢ Enc(y)! and y ¢ Enc(x)*.
Indeed, if y € Enc(x)* N'R then Enc(y) L Enc(x).

LEMMA 6.1. Let V =V +V,, where V; and V> are minimal enclosures contained
in ‘R. The decomposition of V in a direct sum of minimal enclosures is unique if
and only if any enclosure W such that W L V| and W LV, satisfies YWNV = {0}.

If the latter statement holds, then the two enclosures are orthogonal.

Proof: Assume the decomposition of 1V as a direct sum of minimal enclosures is
unique. Then V; L V,, otherwise by Proposition 5.2, VﬁVlL would be an enclosure
that does not contain V,, leading to a different decomposition of V. Now consider
a minimal enclosure W with W YV, and W [ V,. This implies W # V; so that
WwnVy, = {0} If WNYV # {0} then it is an enclosure in JV so by minimality,
W C V. Then W&V, is a direct sum of minimal enclosures contained in V, so,
by Proposition 5.3, one can complete this as a decomposition of V into a direct
sum of minimal enclosures. This is a contradiction, leading to W NV = {0}.

Now assume that any enclosure VW such that W Y V; and W [ V), satisfies
WnNY = {0}. Taking first W = V), which obviously has a nontrivial intersection
with V), we obtain that V| L V,. Now consider some minimal enclosure V; contained
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in V. Then, by assumption, one has e.g. V5 L V) and V3 LV, and so V3 C ViNV,
which, as proved above, is V,. This proves the uniqueness of the decomposition. [

Next we need to strengthen Proposition 5.2 to distinguish between the situations
where the decomposition into minimal enclosures is unique or not. The first result
treats the situation where the decomposition is unique. To simplify the notation,
from now on, when V is an enclosure, we will denote by &, (instead of ®z,())
the restriction of ® to Z;(V).

PROPOSITION 6.1. If p is ®-invariant and V and VV are two minimal enclosures
contained in R, such that the decomposition of V + W into a sum of minimal
enclosures is unique, then Pyp Py = Pwp Py = 0, ie. with the notation of
Proposition 5.2 one has pc = p;, = 0.

Proof: If V and VW are minimal enclosures in R, then, by Proposition 5.3, they
are the supports of extremal invariant states py and pyy. Because the decomposition
of V+ W into minimal enclosures is unique, py and pyy are the unique extremal
invariant states of ®|y ;). Since the set of invariant states is convex, then by the
Krein—Milman theorem, p is a convex combination of py and pyy, so pc and pp
must be zero.

REMARK 6.1. Consider the quantum channel & associated with a Markov chain
as in Example 2.1. It is a simple observation that a minimal enclosure for @ is
necessarily of the form V = ¢*>(C) for C a minimal communication class for the
Markov chain (where ¢2(C) is viewed as a subspace of ¢2(E)). Therefore, two
distinct minimal enclosures V; and V), are necessarily orthogonal, decompositions into
sums of minimal enclosures are unique, and any invariant state on H = £2(V; + V)
is a convex combination of the extremal invariant states p;, p, with supports V),
02(V3), respectively.

A second result will allow us to describe more explicitly the situation where the
decomposition into minimal enclosures is not unique, and describe the associated
invariant states.

PROPOSITION 6.2. Let V| and V, be two minimal enclosures contained in R.
Assume that the decomposition of V = V| +V; in a direct sum of minimal enclosures
is not unique. Then dim V, = dim V,. If, in addition, V; 1.V, (as can be chosen
by Lemma 5.1) then there exists a partial isometry Q from Vi to V, satisfying

Q"0 =1Idy,, 0 0" =1dp,, (6.1)
and for any p in 1;(H), and R = QPy, + Q*Py,,
R®(p) Py, + Py, ®(p) R=P®(Rp Py, + Py, pR)  fori=12. (6.2)

Proof: By Lemma 6.1, there exists a minimal enclosure WV in V; 4+ V), such that
W LV, i=12 If VyNnW = {0} then by minimality of V;, we have V; ¢ W+,
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a contradiction. Therefore V; € W, and dimV; < dimW; by symmetry one has
dimV; = dim W.

Assume now that V| L V5. Define the map @7, as in the proof of Proposition 5.3.
By Remark 3.2, if E =V, V, or W, then Pg is (up to multiplication) the unique
invariant of the restriction ®7 of ®% to B(E). Consider the decomposition of Py, =
(4 2°) in the splitting V =V, @V, where necessarily B # 0. A simple consequence

RA) 5 (B)*)
@5 (B) % (0)
Therefore A is proportional to Py, and C to Py,. Writing relations P = P*=Pp?
satisfied by Py, one sees that B must be proportional to an operator Q satisfying
relations (6.1). Fix Q; for 6 € [0, =], the operator defined by

P — cos? 6 sinf cos 6 Q*
= \sin@coso (0] sin® 0

of Proposition 5.2 is that in the same decomposition, ®% (Pyy) = (

is an orthogonal projection preserved by the map ®%,. So its range is an enclosure
and, by point 3 of Proposition 5.2, Py will satisfy the relation

D(Pyp Pp) = Py D(p) Py,

for any p in Z;(H). Differentiating this relation with respect to 6, we have

o3 ) p, 4 p, p 32 —dP9q>(>P+P<I>(>P
dG'OG 9,0d9 —depe VY

Computing the derivatives at 6 =0 and 8 = /2, we obtain relations (6.2). (]

COROLLARY 6.1. Assume that V = V) 4+ V, where V| and V, are mutually
orthogonal minimal enclosures, contained in R, but that the decomposition of V
into a direct sum of minimal enclosures is nonunique. For i = 1,2 let p/™ be the
unique invariant state with support in V;. Consider Q the partial isometry defined
in Proposition 6.2. Then ,0lnv =0 ,0”‘" o*.

If p is an invariant state with support in V, then:

e Py, p Py, is proportional to ,0”“’

e Py, p Py, is proportional to pm"

% .inv

e Py, p Py, is proportional to ,0”“’ 0" = 0*py",
e Py, p Py, is proportional to ,0”“’ 0= Q,o”“’.

Proof: The first identity is obtained by applying relation (6.2) to p = pi™
with Pj, then applying it again to the resulting relation, this time with P,.

That each p;; = Pyi,OPVj is an invariant is an immediate consequence of
Proposition 5.2. The relation satisfied by p; > and p; is then obtained by applying
relation (6.2) to e.g. p;2, with P; or P,. O

7. Irreducible decompositions of quantum channels and invariant states
We are now in a position to state the relevant decomposition associated with .
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PROPOSITION 7.1. Let ® be a quantum channel on a separable Hilbert space H.
There exists a decomposition of H in the form

H=D+Y Vot > Vi (7.1)

acA BeB yeCp

where any set A, B, Cg is at most countable, any Cg has cardinality at least two,
and:
o every V, or Vg, in this decomposition is a minimal enclosure,

e for B in B, any minimal enclosure that is not orthogonal to )’
v€eCp Vﬂs}”
e any two distinct subspaces D, V4, Vg, are mutually orthogonal.

v€Cg VﬂsV Is

contained in )

Notice that the sets A and B above can be empty, but they are simultaneously
empty only when @ does not admit any invariant state.

Proof: We start with the orthogonal decomposition H =D + R, and proceed to
decompose R, when it is not trivial. Consider the set of all minimal enclosures V
with the property that any minimal enclosure different from ) is orthogonal to V.
By separability, this set is at most countable. Then we can denote all such minimal
enclosures by V,, with « in a (countable) set of indices A. Let O be the direct sum
of all these enclosures, O =) ,_, V,. Then O is an enclosure, and, by point 2 of
Proposition 5.2, R N O+ is also an enclosure.

Assume that R N O+ is nontrivial; we proceed to decompose it. Let B(1) = 1
and consider a minimal enclosure Vg1 C RN OL. By the definition of O, there
exists a minimal enclosure V, in R N O+, and by Lemma 5.1 we can choose
Vg),2» minimal, orthogonal to Vi, and such that V)1 + Va2 = Va1 + Va.
If all minimal enclosures are either included in Vg() 1 + Vg(),2 or orthogonal to
Vey,1 + Va2, we set Cgry = {1, 2}. Otherwise, we call V3 a minimal enclosure
not included in and not orthogonal to Vg(1),1+ Vg(1),2. By Lemma 5.1 we can choose
Vg(1),3 minimal, orthogonal to V(1)1 + Vg1),2 and such that

Veaya +Vewy2 + Veaws = Ve + Va2 + Vs,

and we proceed again with the same method for a denumfrable number of steps
so that we construct Cgpy. If RN OLN (ZyECﬁ(l) Epayy) # {0}, we can iterate
the procedure. Il

Before we state our next result, let us give some notation. We fix a decomposition
(7.1) as considered in Proposition 7.1. We define

Py = Pp., P, =Py foriecA or ieUﬁeg{ﬂ}xCﬁ,
and, for a state p, and i, j taking the values 0, ¢ € A or (B,y) € UﬁeB {B} x Cg,
pi =P pP, pi.,j = Pip P;. (7.2)

As before, we denote by p/™ the unique invariant state of ®..
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We can now state the following result.

THEOREM 7.1. Let p be a ®-invariant state and consider a related orthogonal
decomposition of the form (7.1). With the notation (7.2), we have

1. po=0,

2. every p; is proportional to p™, for all indices i € AU UﬂeB{,B} x Cg,

1
3. for y # vy’ in Cg, the off-diagonal term p(g.y) .y, Which we simply denote
by p@.,y.y, may be nonzero, and is ®-invariant. In addition, there exists
a partial isometry Qg ., from Vg, to Vg, such that:

° p?%fy’) = Q@) Py Q?ﬂ,y,w
® Py 1S proportional to Q?ﬁ,%y’) ng\jy/) = pg;)/) Q?ﬁ,y»y’)’

4. all other p;; (for i, j taking all possible values in {0} U AU UﬂeB{,B} x Cg)
are zero.

Proof: This follows from a repeated application of Propositions 5.2 and 7.1, and
Corollary 6.1. ]

REMARK 7.1. The decomposition of an invariant state p given by Theorem 7.1
can be rewritten in the same form as in formula (12) of Theorem 7 in [3], or as
in Theorem 22 of [14], by simple algebraic manipulations. The key object is an

isomorphism between V5 ® C and > ec 5 Vg,, for each B, given by

Eu®x) = Z uy Qpapx  for u = (uy)yecy.
veCp

REMARK 7.2. The representation of invariant states appearing in Theorem 7.1
has recently been studied in [14], where an analogous result is proven in infinite
dimension (and in the continuous time setting, but this point is not crucial). Our
techniques and starting points are completely different and essentially replicate the
approach used in [3] and [11]. Concerning the orthogonal decomposition and the
representation of invariant states, however, our result is more general than the one in
[14, Theorem 2.1], since we do not need to assume the atomicity of the decoherence
free algebra (notice that the existence of a faithful normal invariant state assumed
in [14] is not a restriction, since our decomposition is anyway only for the fast
recurrent subspace R, and by Remark 5.1, the restriction of & to R has a faithful
invariant state). The key step which allows us to avoid this additional assumption is
that we can prove that the fixed point algebra F(®%) is atomic. When there exists
a faithful invariant state, this means that F(®*) is atomic. However, we do not
know whether the decoherence free algebra (see [14]), usually denoted by N (®*),
is atomic, neither can we so far deduce other generalizations of the results on the
structure of this algebra studied in [14].
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8. Examples

Even though our proofs do carry over to infinite dimension, the mechanisms
behind the decompositions of quantum channels are the same for finite- and infinite-
dimensional systems. Due to the lack of space, we consider mostly finite-dimensional
examples.

EXAMPLE 8.1 (classical Markov chains). Consider as in Example 2.1 a Markov
chain on a countable set E. Denote by (Cy)yea the family of minimal communication
classes C, such that the Markov chain has an invariant probability 7® with support
Cy, by R = UycaC, the (disjoint) union of these classes, and by D the complement
D = E \ R. Then, according to the discussion in Remark 6.1, the decomposition
(7.1) of H = (*(E) is given by

H=D+) Vo  where D=1(*D), Vu=1L*(C)
a€A
and any invariant state on H is a convex combination of the extremal states, which
are of the form Y, ., ni(a)lei)(e,-l.

EXAMPLE 8.2. Consider the quantum channel defined in Example 4.1. From the
computations in Example 4.1, one has R = Ce; and therefore D = Ce;.

EXAMPLE 8.3 (2 x 2 matrices). Consider % = C?> and & a positive quantum
map on the algebra B(C?), which we identify with the set M,(C) of 2 x 2 matrices
and equiped with the scalar product (x, y)y, = tr(x*y). The Pauli matrices

o A ldn g (0 ny L 0=y 110
0 — ﬁ (Czy 1 = \/5 1 0 9 2 = ﬁ l O ’ 3 = ﬁ O _1
form an orthonormal basis of M,(C) and satisfy
sz = 002, 0x0j = —0 0, 00 = i0y,
if (j,k, 0)€{(1,2,3),(2,3,1),3,1,2)}.
It is easy to see that, since @ is trace preserving and positive, its matrix in the
basis {0y, 01, 02, 03} is of the form

10
c1>=<b A) 8.1

where b € R?, '0=(0,0,0), A is a 3 x 3 matrix with real coefficients. The map &
is positive if and only if ||b 4+ Ax| <1 for all x such that ||x|| <1 (see [9] for
more details, even if in the continuous time setting).

It is well known that states on C? are all operators of the form p = oy +u-o
with u in R3, |lu|| <1 (here we use the standard notation u - o = D im1.0.3 Ui 00)-
This is called the Bloch sphere representation. In addition, it is easy to see that
a state p = o0p+ u - o is invariant for ® if and only if b + Au —u = 0.
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Essentially, the problem of decomposing R into minimal enclosures is reduced
to solving the linear system b + Au —u = 0, and then considering if there exist
solutions with ||u|| =1 and how many they are. However, by the Markov—Kakutani
theorem (see [22]), an invariant state always exists. For the decomposition of the
fast recurrent space R, only 3 different cases are possible.
e There exists a unique invariant state p. Then the only minimal enclosure in
R is R itself and it has dimension 2 when p is faithful and 1 otherwise.

e There exist infinitely many invariant states, and they are given by all convex
combinations of two extremal invariant states p; and p;. Then R can be
written in a unique way as the direct sum of two minimal enclosures, which
are the supports of p; and p,.

e There exist infinitely many extremal invariant states. Then any state is invariant,
any one dimensional subspace is an enclosure, and R can be written as
R =Ce @ Ce,, for any two linearly independent vectors e;, e, in C2. This
third case is possible if and only if @ is the identity operator.

EXAMPLE 8.4. Define V =NU{0}, h =C?, H=5®¢*(V) and fix a canonical
basis (ex)r=1.23 of h so that we represent matrices and vectors in this basis. Choose
p,q >0 such that p < 1/2, p+¢q <1 and a family of operators (L;;); jev on b

such that L;; =0 when [i — j| > 2, Loo=+/1—pldy, Lj;1; =./pldy for j >0
and
J1—p 0 0

Lj—l,j: 0 l—p 0 fOI'jZl,
0 0 Nz

0 0 1
L Ad=r=9D [y o for i
ME T or j>1.

0 0 0
We have ), , L{;Lij =1d for all j in V, so that the map & acting on Z,(H)
defined by

®(p)= ) (Li; ® )i o (LE; @ 1)),
i,jev

is a quantum channel. This map ® is an open quantum random walk with transition
operators (L; ;); jev as defined in [2]. Denote by (|j));jev the canonical basis of
£2(V). It was proved in [11] that minimal enclosures for open quantum random walks

are generated by vectors of the form u ® |i). Consider therefore u = '(uy, us, u3)
in b, then

span{u ® |j), j > 0}, if uz =0,
Enc(u ® |i)) = 1 span{e; ® |j), (e; +e2) ® |j), j > 0}, if us #0,u; =uy
H, if uz #0,u; # us.
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The enclosures described in the first case (#3 = 0) are the minimal ones and so
they support the extremal invariant states of the evolution. Using finite difference
equations as for similar classical Markov chains, one can compute these extremal

invariant states, ‘
J

p .

puy=cy (ﬂ) lu) (] & 1) (1.

Jj=0

for u ="(uy, uz,0) #£0 and a normalizing constant c.

Then we have R = span {ej, e} ® £2(V), D = span {e3} ® £>(V) and the
decomposition (7.1) can be written with A empty, B consisting of only one
element B, Cpg = {1, 2},

Vo1 =span{v' ®|j),j >0}, Vo =span{v’ ®|j), j > 0},

for any linearly independent vectors v' and v? orthogonal to e;. We observe that

,o/‘S“V1 = p(ey) is the only invariant state with support E = span{e; ® |j), j > 0} and,
defining Q as |e;)(e1|, that any invariant state has a decomposition

_tpler) A p(en) QF
A Qp(er) (1 —1) Qp(e))Q”
Using the previous expressions for enclosures, one can also deduce the communication

classes, in particular for the vectors of the form u®|j), which are the most interesting
in the special case of open quantum random walks.

with ¢ € [0, 1].
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The quantum stochastic Schrodinger equation or Hudson—Parthasarathy (HP) equation is
a powerful tool to construct unitary dilations of quantum dynamical semigroups and to develop
the theory of measurements in continuous time via the construction of output fields. An important
feature of such an equation is that it allows to treat not only absorption and emission of quanta,
but also scattering processes, which however had very few applications in physical modelling.
Moreover, recent developments have shown that also some non-Markovian dynamics can be
generated by suitable choices of the state of the quantum noises involved in the HP-equation.
This paper is devoted to an application involving these two features, non-Markovianity and
scattering process. We consider a micro-mirror mounted on a vibrating structure and reflecting
a laser beam, a process giving rise to a radiation-pressure force on the mirror. We show that
this process needs the scattering part of the HP-equation to be described. On the other side,
non-Markovianity is introduced by the dissipation due to the interaction with some thermal
environment which we represent by a phonon field, with a nearly arbitrary excitation spectrum,
and by the introduction of phase noise in the laser beam. Finally, we study the full power
spectrum of the reflected light and we show how the laser beam can be used as a temperature
probe.

Keywords: quantum optomechanics, quantum stochastic differential equations, radiation pressure
interaction, quantum Langevin equations, heterodyne detection.

1. Introduction

Quantum optomechanical systems represent an active field of research, very

important b

oth from the theoretical and experimental point of views, with applications

in quantum optics and quantum information [1-6]. A great interest is due to the

possibility

of seeing quantum effects in a macroscopic mechanical resonator, say

a mirror mounted on a vibrating structure and coupled to optical elements by
radiation pressure. Typically, the theoretical description of such a kind of systems is
based on the quantum Langevin equations [7,8], a flexible approach allowing also

*Also: Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Milano, and Istituto Nazionale di Alta
Matematica (INDAM-GNAMPA).
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for the introduction of non-Markovian effects. Recently, some experimental evidence
of non-Markovian effects in an optomechanical system has been reported [9].

To get mathematically consistent quantum Langevin equations one has to use the
quantum stochastic calculus and the quantum stochastic Schrodinger equation, or
Hudson—Parthasarathy equation (HP-equation) [10,11]. In this mathematical context
the quantum Langevin equations appear under the name of Evans-Hudson flows or
quantum flows [11-13]. In [14] a description of a dissipative mechanical oscillator has
been obtained in terms of quantum stochastic differential equations; this description
is fully consistent and valid at any temperature and it respects some symmetry
requirements and physical constraints such as a weak form of equipartition at
equilibrium and the translation invariance of the dissipative part of the dynamics.
Non-Markovian effects have been introduced by a suitable choice of the state of the
quantum noises appearing in the HP-equation. In Section 2 the quantum stochastic
model of a dissipative mechanical oscillator is presented. An equation of Hudson—
Parthasarathy type gives the unitary dynamics of the oscillator interacting with a Bose
field (here representing the phonon field). The evolution equations for the system
operators in the Heisenberg picture are the quantum Langevin equations and a suitable
choice of the state of the field (based on a field analog of the P-representation in the
case of discrete modes) allows for the introduction of thermal, non-Markovian effects.

Usual quantum Langevin equations allow to describe absorption and emission of
energy quanta by the main system, not scattering processes. As a matter of fact it
seems that the existing literature takes into account the mirror/light radiation pressure
interaction only if mediated by cavity modes; indeed the subject is often called
cavity optmechanics [4,6]. This is due to the fact that some interesting physical
phenomena as laser cooling appear when a cavity mode is involved [3-6,14], but
also to the fact that a way to describe at a quantum level the direct scattering of
laser light by a vibrating mirror is lacking. In this respect, another advantage of the
HP-equation is that it allows also for the description of scattering processes [15,16].
Section 3 introduces, into the HP-equation describing the mechanical oscillator, the
radiation pressure interaction due to a laser directly illuminating the mirror. Finally,
in Section 4, we show how to describe the heterodyne detection of the reflected
light and we study the properties of the resulting power spectrum; this last step
involves also the theory of measurements in continuous time [17-22]. In particular
we show that, for a weak probe laser, the model produces explicit expressions for
the spectrum due to elastic scattering of the photons and for the side-bands due to
Stokes and anti-Stokes scattering.

We end this introduction by recalling the HP-equation and some related notions.
We give a short, heuristic presentation; a mathematically rigourous formulation
of quantum stochastic calculus, HP-equations and related notions can be found
in [11,12,19,21,23]. Firstly, we introduce the formal fields by(¢), b,t(t), t € R,
k=1...d, satisfying the canonical commutation rules (CCRs)

[b,»(s), bZ(t)] =6t —s),  [bi(s), be(t)] = 0. 1)
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In this paper we consider only the representation of the CCRs (1) on the Fock space,
the one characterized by the existence of the vacuum state. For quantum stochastic
calculus involving non-Fock representations see, for instance, [24]. Let us introduce
the Hilbert space L?>(R)®C? = L?*(R; C%) (the one-particle space) and its symmetrized
powers L2(R; C?)®s" (the n-particle space). We denote by I' = F(L2(R; (Cd)) the
symmetric Fock space over L>(R; CY), i.e. T = (CEBZ;L L>(R; C)®s" and by ¥ (f),

f € L*(R; C%), the coherent vectors, whose components in the O0,1,...,n,...
particle spaces are
W) =e VP (1, £ @) PER L, ()2 ). )

Note that 1/ (0) represents the vacuum state and that

1 2 1 2
(W(g)IW(f))ZeXp{—EIIfII — 7 llell +(g|f)}-

Let {zz, k > 1} be the canonical basis in C? and for any f e L?>(R; C%) let us set
Se(@) == (zk| f())ca. Then we have bi(¢) ¥ (f) = fi(t) ¥ (f). By formally writing

Bi(t) = / bi(s)ds, B (1) = / bl (s)ds, (3)
0 0

we get the annihilation and creation processes, families of mutually adjoint operators,
whose actions on the coherent vectors are given by

Bk<r>w<f>=f0 Fuls) ds (), <1!f(g)|BZ(t)1/f(f)>=/0 ) ds (W@ ():

the overline denotes the complex conjugation. By a property of Fock spaces, the
action on the coherent vectors uniquely determines a densely defined linear operator.
In terms of the integrated processes the CCRs (1) become

[Be(1), B/ ()] = $umin{t, s}, [B{(1), B/ ()] = [Be(1), Bi()] = 0. (4)

We introduce also the gauge processes

A (1) :/o bi($)bi(s)ds, (U (@A) () :/o &k (s) fi(s)ds (Y (DY (1))
&)

The operator Ay (¢f) turns out to be a number operator and it counts the quanta
present in the field k£ in the time interval (0, #). Quantum stochastic calculus is
an Itd type calculus with respect to the integrators dt, dBy(t), dB,j(t), dAy(t)
satisfying the Itd product rules

dBi(t)dB] (1) = 8dt,  dB;(t)d Ay (1) = 8idBy(1),
dAy()dB] (1) = 8;d B, (1),  dAy(t)dA;j(t) = SdAy(t);

all the other possible products vanish. We shall need also the generalized Weyl
operators W(g; V), where g € L>(R; C¢) and V is a unitary operator on L*(R; C%);
these are unitary operators defined by

(6)
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Wi VIV () =explilm(VFIghy(Vf+g),  VfeL’®CH. ()
From the definition one obtains the composition law
W(h; V)W(g; U) = exp{—iIm(h|Vg)} W(h + Vg; VU). 3)

In the case V =1, it is possible to show that

d +o0 .
Wig: 1) = exp{Z( / gk (dBL(1) ~ h.c.) }

k=1 o0

where h.c. means Hermitian conjugate, and from (7) one sees that W(g; 1) is the
field analogue of what is called a displacement operator in quantum optics [22].
Instead, in the case g =0 in (7), we get that W(0; V) is the second quantization
of the one-particle unitary operator V [11, p. 136].

Let us introduce now a quantum system with separable Hilbert space J{; let
H, Ry, Sy be the system operators with H self-adjoint and the operator matrix
(Sy) defining a unitary operator S on 3 ® C?. Then, we consider the system/field
evolution equation given by the HP-equation

dU(t) = {Z RedB{(t) + ) (S — 81) dAu (1)
k kl

— Y R{SudB(t) — (% > RiR+ iH)dt}U(t), 9)
kil k

with the initial condition U(0) = 1. When H and R are bounded operators there is
a unique solution, which is unitary and strongly continuous in ¢ [11]. When these
operators are unbounded some restrictions are needed in order to control the domains;
then, the existence, uniqueness, unitarity can be proved [12,23]. The solution U (¢)
gives the evolution in the interaction picture with respect to the free evolution of
the field, which is modelled by the so-called left time shift ®(¢) in the Fock space;
indeed, ﬁ(t) =0@®U((),t >0, and U(t) =U(-1)'0(-=1)", t <0, defines a strongly
continuous unitary group, whose Hamiltonian has been characterized in [25].

If we now consider a generic system operator X, its evolution in the Heisenberg
description is given by X (t) = U(¢)' XU (¢). By differentiating this product according
to the rules of quantum stochastic calculus, summarized by (6), and taking into
account that U(¢) is a unitary operator, we get the quantum Langevin equations

- ! T T
dX ()= (i[H®), X()] — EZ(Rk(t) [Re(), X (D] + [X (@), Re(®) 1R (1)) )dt

k

+ 3 Su@ X (), Ri(OIdBL(@) = Y [X (@), Ri() 1S (1)d By (1)
ki kl

+ Z(Z Sk X (1) Sj(1) — 5k1)dAk1<r). (10)
kl

J
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If pg is a generic statistical operator for the system and o a field state, we can
consider the reduced state of the system p(f) = Trr {U ) (pp®c)U (I)T}. When
o is the vacuum state or, more generally, a coherent vector, then the reduced
system state p(¢) satisfies a Markovian master equation [11,19] with a Lindblad
type generator [26]. If a more general state is taken for o, non-Markov effects
enter into play and a simple closed evolution equation for the reduced dynamics
could even not exist [18,19,27].

Also the fields in the Heisenberg picture can be introduced [28]; these are the
output fields

BM() =U@)' Bi(U (),  BM'(t)=U®'B ()U®),
AGN = U AU @),

The outputs fields represent the fields after the interaction with the system, while

By (1), B,j (t), Ay (t) are the fields before the interaction and, so, they are called
input fields. By differentiating the products defining the output fields and using (9)
and (6), we get the input/output relations [19]

dBY(1) = Y Su(dBu(t) + Re(r)dr, (12)
!

Y

dAR1) =) S S(dA; ) + Y S Ri(dB] (1)
ij i
+§ Re()'S;;(1)dB;(t) + Re(0) R/ (t)dt.  (13)

By the properties of U(t) we get U(T) By (t)U(T) = U(t)"By(t)U(t), YT > t, and
similar equations for the other fields. This implies that the output fields satisfy
the same CCRs as the input fields. Self-adjoint combinations of the output fields
commuting for different times represent field observables which can be measured
with continuity in time and this is the key ingredient for a quantum theory of
measurements in continuous time [17,19,21].

2. Langevin equations for a mechanical oscillator in a thermal bath

In this section we present the description of a quantum dissipative mechanical
oscillator obtained in [14, Sections 2, 3]. The Hilbert space of the system is
H = L*>(R) and ¢ and p denote the usual position and momentum operators in
dimensionless units, satisfying the commutation relations [g, p] = i. We denote by
Qmn > 0 the bare frequency of the mechanical oscillator and by y, > 0 its damping
rate; we consider only the underdamped case: Q2 > y,/2. Then, we introduce the
damped frequency wp, and the phase factor T by

wm =4/ Q2 — T= o _ (14)
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We define now the mode operator

[ Qm . 1 m :
am = ﬁ(q+ltp):m(§2mq+%p+lwmp>, (15)

satisfying the commutation rules [ap, a:n] = 1. The inverse transformation turns out
to be

Q Qm

q = ﬁ(?am+ra;;), p=i E(afn—am). (16)
We need also the self-adjoint operator
hQ h 1
Hy = Tm(p2+q2)+%{q,p}=hwm (afnam+§>- (17)

We introduce now the HP-equation for a mechanical oscillator in a thermal bath
by taking in (9) a single field B;(¢t) = Bn(¢) and H = Hy, R = /Ymam, S = 1.
By (10) the quantum Langevin equations for ay, ¢, p turn out to be

day(t) = — (ia)m n %) am()dt — /Yo d Bur(1), (18)
dq(t) = Qup()dt +dC, (), (192)
dp(t) = —(qu(t) + Vmp(l))dl +dC,(1), (19b)

in which we have introduced the Hermitian quantum noises

YmS2m

Wm

Ym$2m

Wm

C,(1) = - (FBa) +7BL0) . Cp0) =i (B - BL0).

(20)
By (4) the new noises obey the commutation rules

[Cy (), Cp(s)] = iym min{z, s}, [C,(1), Cy()] = [C, (). Cp(s)] =0. (21

Obviously, from (15), (16) we have that Eq. (18) for ay, is equivalent to the system
(19) for ¢ and p. By construction, due to the unitarity of U(¢), the commutation
relations for the system operators are preserved; also a direct verification is possible
by showing that the quantum stochastic differential of [g(¢), p(¢)] vanishes due to
(21). Our choice of the field state will be such that the mean values of the noises
C,(t), C,(t) are vanishing and this gives that the evolution equations for the mean
values of ¢ and p coming from (19) are exactly the classical equations for an
underdamped oscillator. This fact is a first justification of the choice (17) for the
Hamiltonian and of the unusual connection (16) of position and momentum with
the mode operator.

2.1. The field state
As field state we take the mixture of coherent states

o = EllY (o) (fr)ll, Jr(s) = Lo (s) f(5), (22)
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where f is a complex stochastic process with locally square integrable trajectories
and [E denotes the expectation with respect to the probability law of the process f.
In the argument of a coherent vector only square integrable functions are allowed,
while the trajectories of the process f are only locally square integrable. So,
we have introduced the cutoff T, representing a large time, which we will let
tend to infinity in the final formulae describing the quantities of direct physical
interest. As explained in [14, Section 3.2.1] this is a field analog of the regular
P-representation for the case of discrete modes [7]. In quantum optics, mixtures
of coherent vectors with respect to probability measures are interpreted as classical
states. For nonclassical states signed measures are needed.

To represent the phonon bath [14] we take f to be a complex Gaussian stationary
stochastic process with vanishing mean, E[ f(¢)] = 0, and correlation functions

E[f(t) f()]1=0,  E[f@) f(s)]=: Ft —s). (23)

Thanks to stationarity, the function F(¢) is positive definite, so that according to
Bochner’s theorem its Fourier transform

+o0
N@) = f e MF(t) dt (24)

oo
is a positive function, which we assume to be absolutely integrable, thus implying
a finite power spectral density for the process. The function N(v) will play the
role of thermal noise spectrum.
By this choice of the state we get that the noises (20) have vanishing means
and symmetrized quantum correlations given by

& C,@),C _& Cc,@),C = chSt 2Re F(t
ﬁﬁ (1), q(s)}>—ﬁ<{ »(1), p(s)}>—yma[ (t —s)+2Re F(r —s)],

(25)
[8(t —s)+2Re F(r —s)], (26)

0’ Yom
m“cq(t)’ Cp(®)}) =2ym ImF (1 —5) — 2o
where ({C;(1), C;(s)}) = limT%JrooTrr({Ci(t),Cj(s)}atg). Let us stress that the
noises appearing in the system (19) cannot be arbitrary. First of all the quantum
Langevin equations are Heisenberg equations of motion for a unitary dynamics
(even if an approximated dynamics) and unitarity implies the conservation of all
commutation relations. So, the noises in (19) have to guarantee the preservation of
the commutation relations [g(?), p(#)] =i, V¢ > 0, [7, Chapters 1, 3] by satisfying
themselves suitable commutations relations (Egs. (21) in our case). Moreover, their
symmetrized correlations must be compatible with their commutators; indeed, by
identifying the index g with 1 and p with 2, we must have the positivity condition

2 T T 2
S [ar [ sk o) S G @, C0N HIGELCEM 0. VT =0
0 0 tos

ij=1

for all choices of the test functions h;(¢). Also this property is true in our case
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because our noises and their correlations are an exact consequence of a unitary
model and of the choice of a well defined state. This is not true in other proposals,
where the positivity property above is not satisfied or divergences are introduced
by ill-defined approximations; see the discussion in [14, Section 3.3].

2.2. The reduced state of the mechanical oscillator

Let po be the initial state of the oscillator. It is easy to see that the random re-
duced state Trr{U (1) (0o ® |¥ (fr)) (¥ (fr)]) U(t)'} satisfies an usual quantum master
equation with random coefficients. But this is not true for its mean, the reduced

state
p(t) =Trr{UMpo @ o U®)),  0<t<T.

By the properties of HP-equation there is no dependence on 7 as long as T > t.
In any case it is possible to characterize the equilibrium state of the system by

solving the linear quantum Langevin equations (19) and computing the first two
moments of g(¢) and p(¢) for t — +o0o. The reduced equilibrium state

peq = lim _lim Trr {U@) (00 ® o) U®)'}

t—>+4+00 T—+400

turns out [14] to be a Gaussian state with (g)eq = (p)eq =0 and

Q 1 ¥, 1
(qz)eq = <p2>eq = a)_: (Neff + 5) s ({q. p}>eq = _ﬁ (Neff+ 5) ) 27)
where
m N
Negr 1= 22 / Ny, (28)
27 Jr va + (0 — U)2

An important property of our model is that the energy equipartition in the mean
holds: 2m (%), = 2 (p?)... Moreover, the mean of the Hamiltonian (17) turns
out to be

1
(Hm)eq = om (Neff + E) .

3. Radiation pressure interaction

We consider now the case of a mirror mounted on a vibrating structure and directly
illuminated by a laser, so that it is subject to a radiation pressure force. One has to add
a further interaction term into the HP-equation suitable to produce a force proportional
to the photon flux in equation (19b) for p. If we consider a well-collimated laser
beam and a perfect mirror, it is possible to represent the light by a single ray
impinging on the mirror and reflected according to the laws of geometrical optics.
So, we take d =2 and B(t) = B (1), H = Hyn, Ri = \/VYmam, S11 =1 as before;
moreover, we add a further field B,(t) = Be.n(t), representing the electromagnetic
field, and we write Aen(f) = A (f). A force proportional to the rate of photon
arrivals means to have a term vd Aey(f) in (19b); v is a coupling constant depending
on the mirror/light coupling and the incidence angle. By comparing this expression
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with (10) with X = p, one sees that we need Sy = § = e'?e'*? and Sj;» = Sy =0,
R, =0; ¢ is a phase shift introduced by the mirror. So, the final HP-equation is

i +
dU(t) = {_E Hydt + /Vm (amdB:h(t) — aI’ndBth(t)>
(S — D) dAem() — %‘“ ajnamdt}U(t), (29)
S=e%", veR, ¢el0,2n), U©) = 1.
From (10) one gets the relevant quantum Langevin equations
. Ym . Qm
dan(®) = = (ion + 5% an(dt = /7 dBa () + ito, |2 dAn(®,  (30)
2 2w
or, equivalently,
dq(t) = Qupt)dt +dCy(t), (31a)

dp(t) = = (Quq (1) + ymp (1)) dt +dCp(1) + vd Aem (7). (31b)

The quantum noises C,(t) and C,(t) are given by (20). The linearity of such
equations allows for an explicit solution

t
am(t) = e~ (ot 5)g o / e~ lomtF)=0g By (s)
0

Q ! . m )
vy [ / oot B gp (o) (32)
m JO

leading for the position and momentum Heisenberg operators to

20
q(t) = e 1m/2 (q cos wmt + Y + Z3mp sin a)mt)

2wm
S2m m ! i m
_ [ Xm¥ {;/ e—(lwm+y2)(f_s)dBth(s)+h.c.}
Za)m 0
Q ' ym
428 e B Ginw (f— 5) dAen(s).  (33)
Wm  Jo

2Qmg + YmpP . )
——————— Ssinwy!

p(t) = e rmi/? (p COS Wyt —
2wm

Q¥ [ (1 ¢ vm
Y :i f e_(""m+y2)(’_“)dBth(s)-i—h.c.}

26Um 0

t
+ v/ o B (coswm t—s)— 2)’—“1 sin wp, (f — s)) dAen(s).  (34)
0

Wm
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3.1. Input-output relations

We now consider the Heisenberg picture for the electromagnetic component of
the field:

B2 (1) = U(t)" Bem()U (1), AL = U(t) Aem(U (2). (35)

By (12), (13) we get the input-output relations
dB%(t) = S(t)d Bem () = €1 DT ?d Boy (1), (36)
dAG (1) = S(O)'S(1)d Aem (1) = d Aem(?). 37)

Note that the number operator for the photons is not changed by the interaction
with the mirror.
By using (33) the scattering operator can be decomposed as the product

S(t) = 1O =S4 (Wi (£r; L) Wem (0; V (1)), (38)

where a system operator and two generalized Weyl operators appear:

i 2Q N )
So(t) = e'? exp {ive‘”‘“’/2 <q cos wmt + Ymg + 2%mp sin a)mt>} 280 bl (39)

2wm
+00 .
Win(ls; 1) = exp {/ El(s)dBtL(s) — h.C.} , 40)
0
_vaz ! 7V—m(l‘fs) .
Wem(0; V(¢)) = expyi e 2 sinwm (t — ) dAem(s) § , 41
Wm 0
with
Qm m 7 _ym —_
C(0) = —ivr | =My (e)eliom=B )=o) (42)
2wm

(Vu)(s) = V(s; Hu(s),  VYue L*R),

Qm _m (43)
V(s 1) = exp {iv’h(t —)lon(s)},  h(r) = 2 e 3 sinwpr.
Wm
The Weyl operator Wy (¢;; 1) (40) is a displacement operator with function ¢, (42)
acting on the thermal component, while We,(0; V (¢)) (41) is the second quantization
of the unitary operator V() (43) and it acts only on the electromagnetic component.

3.2. The field state

Now the environment is described by a two-component field and its state must
describe the phonon bath and the laser light. As the field state we take the mixture
of coherent states

ol =BV ur)Wanll,  ur(s) = Lo (s)uls), u(s>=(£((j))>, (44)

where f is the stochastic process described in Section 2.1 and g describes a phase-
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diffusion model of a laser [18], namely

o) = re (VIVO) e s 0, L, > 0;

W (t) is a standard Wiener process independent from the process f. It is easy to

see that
T T T PL,
lim eMg(t)ydt| | =
T—+oo| | /T 0

3 ;
7+ (= )’

so, the laser light has carrier frequency wp and Lorentzian spectrum of width L.
A possible generalization would be to replace the constant A by a further stochastic
process A(t). This would allow to describe also amplitude fluctuations.

With this choice of the state, for the thermal noises C;, and C, we have vanishing
means and symmetrized correlations (25), (26), while for the electromagnetic field
we get

. L
Tr{dBa®ol ) = e O FVar Telanwm@ol ) = 1Pdr, @)
. . L
Tr {d Bl (s)d Bem(1)0, } = 12 e 0=~ =1gr dis, (46)
Tr {d Aem(s) dAem(D)ol,} = [8(t — ) + [A*] [A* dids. 47)

3.3. The equilibrium state of the mechanical oscillator

Again, we can introduce the reduced state of the mechanical oscillator
p(t) =Trr{U@®) (oo ® o) UMY, 0<t<T,
and the reduced equilibrium state
Peq= lim lim Trr {U@®) (oo ® 0l,) U®)'}.

t—+400 T—+00

By working in the Heisenberg picture, from (32)—(34) and the moments of the fields
we get easily

v|Al? % 1
<p>eq =0, <Q>eq = N = {qco> ({q, p}>eq = _w_rrnn Nesr + 5 s (48)
Q 1 |A|% v?
(@%)eq = 43 = (P7)eq = w—: <Neff + 5) 5 (49)

where Negr is given by (28). By (49) the energy equipartition in mean holds again
for the fluctuation part. Moreover, the mechanical mode occupancy is given by
Qumv? [A*

9

T Sz]llq
o
(lm a - — N “I‘

we have also

2) o —
med o 4w

Q 2 )\‘22 )\‘22
@ mqoo_llv(y_m .m>=itl|v

2 4oy
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Finally, it is possible to show that in the limiting case of constant phonon
spectrum, i.e. N(v) — N, and no phase diffusion, i.e. L, | 0, the reduced system
state satisfies a Markovian master equation with the Liouville operator

i 1
LIpl = = [Hm, p1+ v (New + 1) (ampafn -3 {af am, p})

. 1 . .
+ YimNets (a;npam — 5 {amay, p}) + 1A (e pe — p).

The last term is new and describes the momentum kicks due to the scattering of
photons. The other terms of the Liouville operator have the appearance of an usual
generator for the dynamics of a mode in a thermal bath; however, the important
point is that the link of the mode operator with the position and momentum is not
the usual one, but it is given by (15), (16) [14, Section 2.2].

4. Heterodyne detection

To get information on the mechanical oscillator we can detect in various ways
and analyse the light reflected by the vibrating mirror. In the balanced heterodyne
detection scheme the light coming from our system is made to beat with a strong
laser field (the local oscillator). The light impinging on the mirror and the local
oscillator are produced by different laser sources; the stimulating laser frequency wy
and the local oscillator frequency, say w, are in general different. Moreover, the
phase difference cannot be maintained stable and this erases some interference terms.
It can be shown [19, Section 3.5] that the balanced heterodyne detection scheme
corresponds to the measurement in continuous time of the observables

t
(1) = / Vo e X2 pinstie B (5) + hec., (50)

0
where o is a phase depending on the optical paths and /x e /2, » > 0, represents
the detector response function. In the Heisenberg description the observables become

the “output current”
P Tz 1) = U@z U (1). (51)

By using (36) we obtain the explicit expression
t
Lu(u: 1) = J (1) +he.,  J(1) = el / e BT IO g B (s). (52)
0

By the definition of 7(u;¢) and the properties of U(¢) (see the discussion at the end
of Section 1) we get [1(w; 1), I(w;s)] = [Lou(; 1), Lou(it; s)] = 0, which says that
the output current at time ¢ and the current at time s are compatible observables.
Note that to change p means to change the frequency of the local oscillator, that
is to change the measuring apparatus. In general I, (u;?) and Iy (u';s) do not
commute, even for tr =s.

By the rules of quantum mechanics, once one has the commuting observables
Iow(;t), t > 0, and the system/field state py ® ol , the probability law of the

env?
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stochastic process representing the output of the detection apparatus is obtained
[17,19]. By taking the second moment of the output current the mean output power
is obtained [14,19], and at large times it turns out to be proportional to

1T
P(u) = lim —f (Low(p; 1)%)rdt, (o)7 :="Tr{e py ® o, } ; (33)
T—400 T 0

the limit is in the sense of the distributions in u. As a function of w, P(u) is
known as power spectrum.

By using directly (53), (51), (50), (37), without computing the explicit expression
of P(u), one gets easily the “total output power”

1
z—fdu[P(m— 11=2|r. (54)
T Jr

For the sake of comparison it is interesting to have also the power spectrum of the
input light,

1T 5 2 |A*
Pn(n) = ThrJIrloo? (I(u; ) )rdt =1+ — k:=x+L,; (55)
- 0

%+(M—wo)2,

the final explicit expression in (55) is easily computed by using (46) and the CCRs.
Moreover, we have immediately

1
Z—/dM[Pin(M)— 11=2x%. (56)
T JR

Let us stress that the equality of the total input and output powers is essentially
due to (37).

4.1. Exact results

The explicit expression of the power spectrum can be computed, as we shall
show below. Firstly, (53) reduces to

1 T
P(p) =142 lim —/ (J@O) T @) rdt; (57)
T—>+00 T 0
then, we obtain

P<u>=1+4lxlzexp{2m2Re/ du (e’”2h<u>—1)——( art ) “‘vz}
0

+00 ) p +00 5 )
X Re/ dt eli(r=w0)=5)1 exp{|k|2/ ds [e’” h(t+s) _ 1] [e_l“ h(s) _ 1]
0 0

2 ivt —ivt
N / ” Qm¥YmV [(N(u)2+ De™ + N@w)e ]
R drom (4 + 00— op)?)

Wm

}, (58)
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where h(r) is given in (43) and x = x+L,. Let us stress that this is an exact result
obtained from a unitary quantum evolution and the monitoring in continuous time of
commuting observables. Note that in this expression the thermal contributions (the
terms containing N (v)), and the electromagnetic contributions (the terms containing
the function %), are completely interlaced.

4.1.1. Proof of Egs. (57) and (58)
Let us sketch now the proof of the previous formulae. By (52) we have
{How(1t; D)1 = 2Re(J ()7 + (JOI O + (T OTT (D)7

By the presence of the limit in (53), these terms contribute to P(u) only with their
large time behaviour. By using (36), (38)—(43), (46) we get

(J()) 7 =~ xr2e @) /l ds /t dr o= (=555 +i (=00) 41— ls=r|-2Lp(sAr)
0 0
X V(s; 1) Wals; Wi (€5 1)) 7 Wem (03 V() Wem (0; V(D)) 7,
(JOTT(@)r =~ 2x IklzRe/OI ds /OS dr e"‘("%)H(ﬂ—wo)@—r)—%p(s—r)
X Wil 1) Wa(ls; )7 Wem (0; V) Wem(0; V)7, (59)
JOTO)7 — 1~ 2 A Re /O ds /0 dr V(s s)e (o) - B 6

X Wan(ls; Wi (lr; )Y Wem (05 V() Wem (0; V() 7.

Then, one can check that lim,_, o lim7_, 100 (J(£)?)7 = 0. Moreover, by using the
composition law (8) for generalized Weyl operators and (42), (43), we get

Wem (03 V() Wem (05 V()" = W (03 V() Wem (0; V()
and, for s, r large and s > r,
V(s HWalls; DWalr; )T = V(s )W (€ 1) Wi (€5 1) exp {2i Im(€,]€,.)}
~ Wi (6 1) Wi (4 1).

This gives (J()J )Ty ~ 1+ (J(#)'J(t))r and, so, (57) is proved.
Let us consider now (59); recall that h(u) and V(s,t) are given in (43) and
£,(s) in (42). Firstly, the electromagnetic contribution gives, for s > r,

Wem (05 V() W (0; V(5)))7r = exp{/s(vw; A Vs —1) |A|2du}
0

=a(s)a(r) eXP{W2 /Or du [e"”zh(““) — 1] [e”"’zh(’*”) — 1]}

~ |a(oo)|2exp{|)"|2\/‘ du [eiyzh(S—Ll) _ 1:| [e—ivzh(r—u) _ 1]}’
0
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_ )sz/sd ivzh(u)_l }
a(s) exp{ll ; u(e >

Then, again for s > r and both large, the thermal contribution gives

with

2 2
Wi (lr; D Wa(ly; D) = E [exp {2i Im(f €, — &) + (€, 1€5) — M”

2
= exp{—l (/s |5 (u)|* du + /’ |£,(M)|2du) N /rmzs(u)du
2 \Jo ; i
N 2 X
b / dv N(v) / du ™ (Ls(u) — £-(u)) } ~ exp:_(ZNefH_ 1) Qv
21 Jr )

2wm
2 5 B
4+ @ iom -1y f o Sl (W cos v(s — 1) }
2w, R 27wy <VTm 1 (0 — U)z)
(2Netr + 1) Qv QumymV? [(N) + 1) eV + N(v)e 6]
=&Xp1— + | dv . ‘
20 R 47wy (VTIH + (0 — v)2>

By inserting these results into (59) and the expression found into (57), we get the
final result (58).

4.2. Linear response

When the laser light is used as a probe to get information on the dissipative
oscillator, the beam can be taken to be weak, which means |A|> is small. In this
case only the linear response is important and we can simplify (58) by considering
only the “optical susceptibility”

. P(n)—1
p3 = lim ———
W) A0 |Al?

By (58) the weak probe limit gives immediately

o 1 Qm +00 ) .
() :4CXP{—(NH+—2)U2}RC/ dte(’(“_a’o)_f)’
0

Wm

2 ivt —ivt
xexp{/dv Syt [(V0) + D el + Ne ]}. (60)
R

2
47w, (VT‘“ + - a)m)z)
Now, the power spectrum is

P() ~1+ A2 2w (61)
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and we see that in this limit the thermal contribution is completely unaffected
by the electromagnetic one. So, we can use the optical probe as a mean to gain
information on the mechanical occupancy spectrum N (v).

To compute the time integral in (60) one needs to develop the last exponential
in a power series. The result is much more clear when N (v) is slowly varying in
a neighbourhood of wp, of width y,. In this case we can make the approximation
N(@) =~ N(wy) in the last line of (60); by (28) we have also Neg >~ N(wy). By
power expansion we get

1 +00
() = 4exp{— (Nn) +5) @ v2} Re / it (o) -5
0

Wm

2
. exp{ 2:)1) [V (@m) + 1) eliom=8 4 N(wm>e‘("‘““‘+y§n)t”

(N(wm) + 1) Qm u2}

Wm

= 2exp{—

(62)

ii Quv (N @w) + 1)/ N@n)" 7 (c +mym)
V1M M (kc+mym)? . ’
m=0 =0 J 1 = PI2Megt mm) 4y gy — (m— 2)) o]

So, X () appears to be a series of peaks centred on wy + nw, and we write

N(wm + Q
E(u):Zexp{ (N (@m) Z}ZHn(M) (63)

®m nez

By reorganizing the sums we get the expressions of the various peaks and by
integration their weights.
e The peak centred in wp,

i Qv (N (@m) + 1)’ N(@m)? (€ + 2 Ym)
=G e [ g (1 — )]

Ho(w) = ; (64)

here the term with j = O represents the elastic scattering of photons, while
a term with j > O represents the scattering of a photon with exchange with
the mechanical oscillator of j energy quanta wy. The weight of the peak is

i <1 [ Q2 (N(wm) + )N (@m )
3 /1; Mo(u)dpu = ; (1) ( 4?2 : 65)

For N(wy) = 0 the previous formulae reduce to

1
Mo() = ;2 — [ Mo(wydp = 1. (66)
&+ (=) 27 Jr
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e The peaks centred in wy —nwy, n =1,2,..., (Stokes scattering),
© Q2 (N (@) + 1) N (@) (k + (2] + 1) V)

=0 ,]'(] + n)|22j+nw2J+” [w + (,lL —wo + na)m)z]

M_, () = ; (67)

here the term with j = O represents the cession of a quantum w, from the
photon to the mechanical oscillator, while a term with j > O represents the
same process plus the exchange of other j quanta. The weight is

I o O QA2 (N () + 1) N (0m)
- /R Mo (wdp = (N(wm) +1)" Y .

=0 JUG A+ m)122i e ™
(63)
For N(wy) =0 we get
Qv (kK + n¥Ym
M-y (u) = . 2( ) : (69)
n2rwn [% + (1 —wo + nwm)z]
1 Q"U2"
— | I_,(wdu = —=2—. 70
2ﬂfR (wdp nen (70)
e The peaks centred in wy+ nwy, n =1, 2, ..., (anti-Stokes scattering),
00 92./+"U4j+2n N(wy) + 1 jN O it + Qi +n -
() = n (N (@m) + 1)’ N (o)™ ( + (2 )V),m)

. i ; 2
150 1+ my 22 g | CERIIE (1 — g — neoy)?

here the term with j = O represents the cession of a quantum w, from the
mechanical oscillator to the photon, while a term with j > O represents the
same process plus the exchange of other j quanta. Note that the weight turns

out to be
Il,(w)du = (N( ) 1) I_,(wdu. 72

For N(wy) =0 we get IT,(n) = 0.
The asymmetry between Stokes and anti-Stokes scattering is the base for using
the optical probe as a device for thermometry at low temperatures. Indeed, we have

f]R Hl(,bb)dﬂ
Je Doi(wydp — [ T (w)dp

and this quantity can be estimated by the area under the curve of the experimental
data when the peaks in wy + w, are well separated from the elastic peak in
wo, which means that the widths ¥, and « = » + L, are sufficiently small. The
resolved-sideband thermometry is a technique already used in somewhat similar
situations [4,6].

N(wm) = (73)
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We study nonequilibrium statistical mechanics of a Gaussian dynamical system and compute
in closed form the large deviation functionals describing the fluctuations of the entropy production
observable with respect to the reference state and the nonequilibrium steady state. The entropy
production observable of this model is an unbounded function on the phase space, and its large
deviation functionals have a surprisingly rich structure. We explore this structure in some detail.

Keywords: nonequilibrium statistical mechanics, entropy production, Gallavotti-Cohen symmetry,
fluctuation relations, large deviations.

1. Introduction

In this paper, we prove and elaborate the results announced in Section 9 of [23].
We consider a dynamical system described by a real separable Hilbert space K
and the equation of motion

4= €K (1)

—x; = Lx;, X ;

dt t t 0
where £ is a bounded linear operator on XC. Let D be a strictly positive bounded
symmetric operator on X and (X, wp) the Gaussian random field over K with zero
mean value and covariance D. Eq. (1) induces a flow ¢, = {¢’£} on X, and our

[335]



336 V. JAKSIC, C.-A. PILLET and A. SHIRIKYAN

starting point is the dynamical system (X, ¢2, wp) (its detailed construction is given
in Section 2.1). We compute in closed form and under minimal regularity assumptions
the nonequilibrium characteristics of this model by exploiting its Gaussian nature.
In particular, we discuss the existence of a nonequilibrium steady state (NESS),
compute the steady state entropy production, and study the large deviations of the
entropy production observable w.r.t. both the reference state wp and the NESS. To
emphasize the minimal mathematical structure behind the results, in the main body
of the paper we have adopted an abstract axiomatic presentation. In Section 3,
the results are illustrated on the example of the one-dimensional harmonic crystal.
For additional information and a pedagogical introduction to the theory of entropic
fluctuations in classical nonequilibrium statistical mechanics, we refer the reader to
the reviews [23, 27].

There are very few models for which the large deviation functionals of the entropy
production observable can be computed in a closed form, and we hope that our results
may serve as a guide for future studies. In addition, an important characteristic of
a Gaussian dynamical system is that its entropy production observable is an unbounded
function on the phase space. This unboundedness has dramatic effects on the form and
regularity properties of the large deviation functionals that require modifications of
the celebrated fluctuation relations [12, 13, 15, 16]. Although this topic has received
a considerable attention in the physics literature [1, 2, 6, 14, 19, 30-32], to the best
of our knowledge, it has not been studied in the mathematically rigorous literature
on the subject. Thus, another goal of this paper is to initiate a research program
dealing with mathematical theory of extended fluctuation relations in nonequilibrium
statistical mechanics, which emerge when some of the usual regularity assumptions
(such as compactness of the phase space, boundedness of the entropy production
observable, smoothness of the time reversal map) are not satisfied.

The paper is organized as follows. In Section 2.1 we introduce Gaussian dynamical
systems. In Section 2.2 we define the entropy production observable and describe
its basic properties. In Section 2.3 we introduce the NESS. Our main results are
stated in Sections 2.4 and 2.5. The entropy production observable is defined as the
phase space contraction rate of the reference measure wp under the flow ¢, and
in Section 2.6 we examine the effects of a perturbation of the reference measure
on the large deviation theory. In Section 3 we illustrate our results on two classes
of examples, toy models and harmonic chains. The proofs are given in Section 4.

The focus of this paper is the mathematics of the large deviation theory of
the entropy production observable. The physical implications of our results will be
discussed in the continuation of this paper [24].

2. The model and results
2.1. Gaussian dynamical systems

In order to setup our notation, we start with some basic facts about classical
Gaussian dynamical systems. We refer the reader to [9] for a more detailed
introduction to this subject.
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Let ' be a countably infinite set and
={x = (Xner | X, € R} =

For x € X and I C T, we denote x; = (x;)je; € R’. Let [ = (I,),er be a given
sequence of strictly positive numbers such that ) ./, =1 (we shall call such
a sequence a weight). Then

d(x,y) =Y lh——"—"—

nel

1 + |xn _ynl

is a metric on X and (X, d) is a complete separable metric space. Its Borel o-algebra
F is generated by the set of all cylinders

Ci(B) ={x € X|x; € B},

where I C T is finite and B C R/ is a Borel set.

Let v and w be two Borel probability measures on X. We shall write v < » when
v is absolutely continuous w.r.t. . The corresponding Radon—-Nikodym derivative is
denoted by

dw
We will also use the notation!
Lyjw = log Ayje.

The two measures v and @ are called equivalent, denoted v =~ w, if they are
mutually absolutely continuous, i.e. w <« v and v < w. We adopt the shorthand
v(f) = fx fdv. The relative entropy of v w.r.t. @ is defined as

if v K o,
otherwise.

Ent(v|w) = {:Zc(fvw) (2)

We recall that Ent(v|w) < 0, with equality iff v = w. For o € R, the relative Rényi
a-entropy of v w.rt. w is defined as

a€v|w .
Ent, (v]o) = {log“’("’ ) <o,
—00 otherwise.
We denote by K C X the real Hilbert space with inner product
CRIEDPER 3)
nel’

ie. K = EIZR(F) The matrix elements of a linear operator A on 03 g wrt. its
standard basis are denoted by A,,,.

IThroughout the paper we adopt the convention log x = —oo for x < 0.
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Let X;, X; C X be real Hilbert spaces with respective inner products

Qo= hxayes =D L Xy

nel nel

(X} is the dual of X; w.rt. the duality (3)). Clearly,
X cKcx cx,

with continuous and dense inclusions. All the measures on (X, ) we will consider
here will be concentrated on X;.

Let D be a bounded, strictly positive operator on K. The centered Gaussian
measure of covariance D on (X, F) is the unique Borel probability measure wp
specified by its value on cylinders

wp(C1(B)) = —3 D70 gy

1
Jdet2x D)) /B ¢

where D; = [D;;]; je;. The measure wp is also uniquely specified by its characteristic
function

Xay— x(y) = / ¢ dawp(x) = e~ P2,
x

The bound
/ IxlIfdep (x) = / Y bxpdop(x) =Y 1Dy < | DI, )
x

nel nel

implies that wp(X \ X;) =0, i.e., that wp is concentrated on X;.

Let 7 be the real vector space of all trace class operators on K and ||T|; =
tr((T*T)'/?) the trace norm on 7. The pair (7,1 -l1) is a real Banach space. By
the Feldman-Hajek—Shale theorem, two Gaussian measures wp, and wp, on (X, F)

are equivalent iff T = D;' — D' € T. In this case, one has
ACUD2|0)DI (x) = /det(I + D;T) e~ *T»/2, -

1 1
Ent(wp, |wp,) = St (DiT(I +DiT)") — 3 logdet (I + D, T).

Note that det (I + D;T) = det (1 + DII/ZTDII/Z) =det(D,”*D;'D,|"*) > 0.

Let £ be a bounded linear operator on K such that £*X; C X]. It follows that
L has a continuous extension to X; which we also denote by L. For x € X and
t €R we set

; e'Lx if x € X,
= 6
or(x) {x if x ¢ X ©)

The map (¢, x) — (b’c(x) is measurable and ¢, = {¢’£},€R is a group of automorphisms
of the measurable space (X, F) describing the time evolution. We shall call ¢, the
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dynamics generated by £ and (X, ¢, wp) a Gaussian dynamical system. Note that
for wp-almost all x € X, ¢’£(x) =e'Lx for all ¢t € R.

We end this section with a simple example of a physical system fitting this
abstract framework. We follow [22] and consider a one-dimensional harmonic crystal.
We shall complete the analysis of this example in Section 3.2.

EXAMPLE 2.1. A C Z, the crystal lattice, is a finite or infinite set of consecutive
integers. The phase space and Hamiltonian of the harmonic crystal are

R @R = {(p, @) = {Putnens (Gnlnen) | Pas> Gn € R},

2 2 2
pn qn (qn_Qn—l)
HA(p,q)=E (—+—+—),
neA 2 2 2

where we set ¢, = 0 for n ¢ A (Dirichlet boundary conditions). The Hamilton

equations of motion are )
(0)-5(2)
q q

[0 —ja
‘CA_(1A 0)’

ja being the restriction of the finite difference operator

where

(J@)n =390 — qn+1 — Gn-1 (7

to RA with Dirichlet boundary condition, and 1, the identity on RA (which we shall
later identify with the projection R? — R?). Clearly, for all A, j, is a bounded
self-adjoint operator on EH%(A) satisfying 1 < jp <5.

To fit this model into our abstract framework, we assume that A is infinite and
set [y = A X Zy, X5 =R's = RA@®R” with the weight sequence [ = (ly.;)(n.ier »
where [, ; = ca(1+n%)~! and ¢, is a normalization constant. One easily verifies that
L3 X%, C X7, and that the dynamics of the harmonic crystal is described by the group
e'Ca. Let hy be the self-adjoint operator on K = Eﬁ(A) @Z%&(A) associated to the
quadratic form 2H,. Energy conservation implies £}ha + haLa = 0. Equivalently,
the operator L, defined by

12 12 0 —j)/
LA:hA/ ﬁ[\h;/ = Jl/z OA )
A

is skew-adjoint. Since 1 < h, <5, this implies in particular that the group e'“A is
uniformly bounded on K,.

2.2. Entropy production observable

Our starting point is the dynamical system (X, ¢, w), where ¢ is the dynamics
on X generated by £ and w is the centered Gaussian measure with covariance D
(from now on, £ and D are fixed, and we shall omit explicit reference to them).
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The measure w is sometimes called the initial or the reference state of the system.
Observables are measurable functions f : X — C. They evolve according to

fi(x) = fod'(x).

The expectation of an observable f at time r € R is given by

o (f) = o(f) = f F(0)do(x),

where w; = wo ¢~ is the centered Gaussian measure on (X, F) with covariance
D, = ¢'FDe't”
t _ .

D; is a bounded strictly positive operator on Eﬁ(f‘) and w,;(X;) =1 for all . By
the Feldman—Hajek—Shale theorem, the two measures w; and w are equivalent iff
T,:=D;' — D' € T. We shall assume more.

(G1) The map R>¢t+— T, € T is differentiable at t = 0.

As will be seen later, this condition implies that the function ¢ — T; is
differentiable for all ¢. The entropy production observable (or phase space contraction
rate) for (X, ¢, w) is defined by

d
o(x) = _Ewtlw(x)|t:0, x ek

dt
A simple computation shows that (cf. (37))
o(x) = (x, ¢x) —tr(Dg), (3)
where L dT
t
- 9
s 2 dt =0 ©)

and the derivative is understood in the sense of 7 (in particular, ¢ € 7). Since T
is continuously embedded in the Banach space of all bounded operators on K, we
have

1
c= E(E*D_l +D7'L).

REMARK. If A is a self-adjoint element of 7, then the quadratic form (x, Ax)
has a unique extension from X to an element of L'(X,dw). With a slight abuse of
notation, we shall also denote this extension by (x, Ax) (see Lemma 4.1 below for
a more precise statement). Thus, the entropy production observable (8) is a continuous
function on X and an integrable function on X w.rt. the measure w.

PROPOSITION 2.1. Suppose that (G1) holds. Then:

(1) The function R >t — o, € L'(X, dw) is continuous.

2) Lo = fol o_gds holds as the Riemann integral of a continuous L'(X,dw)-
valued function. It also holds for w-almost every x € X as the Lebesgue integral
of a real-valued function.
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(3) The function R >t — etorlo ¢ LY(X,dw) is C' and

% lo — ewt\w .. 10
dte[ e o_; (10)

4) wi(o) =tr(c(D; — D)) and in particular w(o) = 0.
(5) Ent(w]o) = — [; wy(o)ds.

In specific examples, it may happen that only finitely many matrix elements ¢,
are nonzero, and in this case the map x — o(x) is continuous on X. The function o
is bounded only in the trivial case o = 0. Note that 0 =0 iff v, = @ for all ¢;
this follows, for instance, from the cocycle property (38).

2.3. Nonequilibrium steady state

Our next assumptions are:

(G2) There are some numbers 0 <m < M < oo such that m < D, < M for all
teR.

(G3) The following strong limits exist:
s-lim D, = D..

t—+00
It is clear that m < Dy < M, and LDy + D L* = 0. In what follows, we set

Y

_om
T M-—-m

REMARK. The verification of Assumptions (G2) and (G3) in concrete models
generally rests on spectral and scattering theoretic arguments. The reader is referred
to [22, Section 1.9] for an example. Note in particular that if I' is a finite
set, then (G2) and (G3) cannot be both satisfied. Indeed, either the spectrum of
the generator £ is purely imaginary, or it contains an eigenvalue with nonzero
real part. In the first case, there exists a nonzero u € K such that the function
(u, D;u) = (e‘ﬁ*u, De’E*u) is periodic. In the second case, Assumption (G2) implies
that for some nonzero u € K and t — oo

)

(u, (Dy + D) = m (lle™ ul> + ] ull?) — oc.
In both cases we have a contradiction to Assumption (G3).

Let w4+ be the centered Gaussian measure on (X, ) with covariance D..

PROPOSITION 2.2. Suppose that (G1)—(G3) hold. Then:
(1) For any bounded continuous function f :X — R,

Jim o/ (f) = 0x(f).
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(2) 0 € LY(X,dwy) and
wi(0) = tlilinoo w(0) = tr(g(Dx — D)).

Note that

t—oo

1 [ 1
w4y (o) = lim —/ ws(0)ds = — lim —Ent(w;|w).
0 t—>oo

We shall call w, the NESS and the nonnegative number w, (o) the entropy
production of (X, ¢, w).

2.4. Entropic fluctuations with respect to the reference state

Time reversal invariance plays an important role in nonequilibrium statistical
mechanics, and in particular in formulation of the fluctuation relations. Hence, we
shall also consider the following hypothesis.

(G4) There exists a unitary involution ¢ :  — K such that 9(X;) C X;, 9L =
—L9%, and 9D = D?9.

This assumption implies that D_, = ¢ D, for all t € R, and thus D_ =39 D9
and w; = w_ o Y. Moreover, it follows from definition (9) that ¥¢ = —¢¢. This in
turn implies that tr(D¢) =0 and

o(x) = (x, ¢x), wy(0) = —w_(0). (12)

For simplicity of notation and exposition, we shall state and prove our main results
under the time reversal invariance assumption, which covers the cases of physical
interest. With a minor modifications of the statements and the proofs, most of our
results hold without this assumption. We leave these generalizations to the interested
reader.

The relative Rényi entropy functional, which is defined by

e,(a) = Enty (w;|w) = logw(e“fwﬂw), (13)

is a priori finite only for « € [0, 1]. To describe its properties, we introduce the
sets
J,={aeR|D_l+aT,>0}, t € R,

and denote by C. the open upper/lower half-plane.

PROPOSITION 2.3. Suppose that (G1), (G2) and (G4) hold. Then:

(1) J; = (=6, 1 +6,) for some §; > 6 and J_, = J,.

(2) The function a — e;(a) is finite on the interval J; and is equal to +oo for
o & J;. Moreover, this function is convex, extends to an analytic function on
the cut plane CL UC_U J,, and satisfies

e (0) = e/(1) =0, e;(0) <0, e, (1) > 0. (14)

In particular, e;(x) <0 for a € [0, 1] and e;(a) = 0 otherwise.
(3) The finite time Evans—Searles symmetry e,(a) = e;(1 —a) holds for all t and «.
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REMARK. Proposition 2.3 also holds for finite-dimensional Gaussian dynamical
systems (i.e. in cases where the set I' is finite). In particular, the finite time
Evans—Searles symmetry holds for such systems. It is not hard to see that in such
cases Assumption (G2) requires the spectrum of £ to be purely imaginary and
semi-simple. Assumption (G3) and the necessity of an infinite-dimensional phase
space only becomes apparent when considering the large-time behaviour of the
system.

We now study the statistical properties of trajectories as ¢t — +o0o. The intervals J,
do not necessarily form a monotone family, and we define the minimal interval

J =liminf J, = UM
T>0t>T
Clearly, one has J = (=4, 1+ §), where § = liminf;_,  §; > §.
THEOREM 2.1. Suppose that (G1)-(G4) hold.
(1) The limit
1
e(a) ;= lim —e (@) (15)

t——+oo

exists for o € J. Moreover, the function e(a) is convex on the interval J and

satisfies the relations
e(0) =e(1) =0, ¢'(0) = —wi(0) <0, 16
(1) =wy(o) >0, e(l —a) =e(a). (16)

(2) The function e(a) extends to an analytic function on the cut plane CLUC_U J,
and there is a unique signed Borel measure v with support contained in R\ J
such that [ |r|~'d|v|(r) < oo and

e(@) = —/ 10g<1 — O—‘)dv(r). (17)
R r

(3) The Large Deviation Principle holds in the following form. The function
I(s) = sup (ozs — e(—a))

—ae)

is convex, takes values in [0, c0], vanishes only at s = w, (o), and satisfies the
Evans—Searles symmetry relation

I(—s)=1(s)+s for s € R. (18)
Moreover, there is ¢ > 0 such that, for any open set J C (—wy(0)—¢, wy(0)+¢),
we have
1 L[ .
lim —logw|{{x e X | - | os(x)ds e Jt )= —inf I(s). (19)
t—o0 t 0 seJ
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(4) The Central Limit Theorem holds. That is, for any Borel set B C R, we have

tl_l)r(r)loa) ({x eXx ' %/0 (05(x) — w4 (0)) ds € B}) = /Be_xz/za(;—xm,

where a = e’ (1).
(5) The strong law of large numbers holds. That is, for w-a.e. x € X, we have

t
lim l/ os(x)ds = w4 (o). (20)
t—o00 0

REMARK 1. In general, the two limiting measures w_ and wy are distinct. This
property is closely related to the strict positivity of entropy production. In fact,
it follows from the second relation in (12) that if w_ = w4, then w; (o) =0 as
well as w_(o) = 0, while any of these two conditions imply that the function e(x)
vanishes on [0, 1] and, hence, identically in view of analyticity.

REMARK 2. The representation of e(o) as a logarithmic potential of a signed
measure is somewhat surprising, and its mathematical and physical significance
remains to be studied in the future. The measure v is related to the spectral measure
of the operator QO (see the proof of Theorem 2.1 for more details).

Now let {t,} C R, be a sequence such that §,, — 5. We define J = (—3, 1 +§).

Note that, by Proposition 2.3 (1), we have H > §. In the case when & coincides
with § = limsup,_, ., 8;, we write J instead of J.

THEOREM 2.2. Suppose that (G1)-(G4) hold and {t,} C R, is a sequence
satisfying the above hypothesis.

(1) Let Q =D*(D=' — D;")D'?. Then
1 1
— g <Q0c< 1—4_3 (21)

Furthermore, since the function g(z) =z 'log(1 —z) is analytic in the cut plane
C\ [1, 00), the operator-valued function

E(@) = —ole_/zg(oz Q)Dl_/z, (22)

is analytic in the cut plane C, UC_UJ.
(2) For a € J, the following relation holds,

1
e(a) = e (a) = tr(E(a)g), (23)

im
n—od
and if @ € R is not in the closure of J, then

1
lim sup —e;, (o) = 00. 24)

n—oo n

Moreover, the function é(a) is convex on the interval J and satisfies relations (16).
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(3) The Large Deviation Principle holds in the following form. The function
[(s) = sup (as — é(—a)) (25)

—aelJ

is convex, takes values in [0, o0), vanishes only at s = w, (o), and satisfies the
Evans—Searles symmetry relation (18). Moreover, for any open interval J C R,
we have

1
lim —logw ({x eX
n—00 M

In
l/ oy (x)ds € j}) = — inf I (s). (26)
n JO seJ

REMARK 1. The functions é(«) constructed in Theorem 2.2 coincide with e(o)
on the minimal interval J. Moreover, by Part (2) of Theorem 2.2, the functions é
constructed for different sequences {z,} must coincide on the common domain of
definition.

REMARK 2. If § = oo, then é() = e(a) =0 for o € R.

REMARK 3. The local Large Deviation Principle described in Part (3) of The-
orem 2.1 is an immediate consequence of the local Girtner-Ellis theorem (see
Appendix A.2 in [22]). The global Large Deviation Principle described in Part (3)
of Theorem 2.2 cannot be deduced from the Girtner-Ellis theorem. Our proof of
the LDP exploits heavily the Gaussian structure of the model and is motivated by
Exercise 2.3.24 in [10], see also [3, 4, 8] for related results.

2.5. Entropic fluctuations with respect to the NESS

We now turn to the statistical properties of the dynamics under the limiting
measures wy. In view of the time-reversal invariance (G4), it suffices to study the
case of one of these measures, and we shall restrict ourselves to w,. Let us set
(cf. Part (2) of Proposition 2.1)

ey (@) =logwy (e orlo) = log w, (e_‘" Jo o= d“) =logwy (e_“ foos d‘v),

where the last relation follows from the invariance of w, under the flow ¢’. Note
that, a priori, e;(x) might not be finite for any o # 0.

THEOREM 2.3. Suppose that (G1)—(G4) hold. Then:
(1) For any t € R, the function R > a — e, () € (—00, +00] is convex.
(2) The set
J'={aeR|D;'—aT, > 0} (27)

is an open interval containing (—38,6), and the function e, () is real analytic
on J and takes value +00 on its complement.
() Let J* be the interior of the set

liminf J;* = |_J (1) /"

T>0t>T
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Then J* is an open interval containing (-8, 8). Moreover, for o € J*, the limit
1

ey(a) = lim —e; (o) (28)
t—oo

exists and defines a real-analytic function on JT. Finally, if a is not in the
closure of J*, then
1
lim sup ;e,+(a) = 4o00. (29)

—>0o0

(4) The Large Deviation Principle holds in the following form. The function

IT(s) = sup (as —e4(—a))
—OlEiJr

is convex, takes values in [0, 00], and vanishes only at s = w, (o). Moreover,

there is an open interval 1" containing w, (o) such that, for any open set

J I,

1 1 /!
lim —log w, ({xe% ‘ —/ as(x)dsej})=—inf I7(s).
t t Jo seJ

—0o0

(5) The Central Limit Theorem holds. That is, for any Borel set B C R,

b x| meierscs) -

where a, = €' (0).
(6) The strong law of large numbers holds. That is, for wi-a.e. x € X, we have
1 t
lim — os(x)ds = wy(0).
n—oo t 0
(7) Let J be as in Theorem 2.1. Then e (o) = e(a) for a € JT N J. Moreover,
there is an open interval J© C I" such that 1" (s) = I(s) for s € J*.

REMARK. This theorem is a refinement of Proposition 9.5 in [23]. We point
out that parts (1) and (3) of that proposition are inaccurately formulated: in part
(1), the interval (—4§,1 4 8) has to be replaced with (—§,§), while in part (3) the
interval (—(o)+ — ¢, (0)4+ + ¢) has to be replaced with ((o)y+ — ¢, (0)+ + €).

Finally, we have the following analogue of Theorem 2.2 on statistical properties
of the dynamics under the limiting measure w;. Let {t,} C Ry be an arbitrary
increasing sequence going to 400 such that the intervals th defined by (27) converge

to a limiting interval J.

THEOREM 2.4. Under the hypotheses of Theorem 2.3 the following assertions
hold.
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(1) For a € J*, the limit

1
ér(o) = lim —e, 1 () (30)
n—o00 %

exists and defines a real-analytic function on J. If a does not belong to the
closure of JT, then

1
limsup —e;,+ (o) = o0.
n—oo n

Moreover, é,(a) and tr(E(a)g) coincide on their common domain of definition.
(2) The Large Deviation Principle holds in the following form. The function

It(s) = sup (as — &4 (—a))
—aelt

is convex, takes values in [0, 0] and vanishes only at s = wy (o). Moreover,
for any open interval J C R, we have

1 (™ .o T
E/o 0,(x) ds € J}) =~ inf F*(s).

The proof of this result is completely similar to that of Theorem 2.2, and
therefore we omit it.

1
lim —logw, ({x eX

n—oo f,

REMARK. Unlike in the case of the Evans—Searles symmetry, there is no a priori
reason why the limiting intervals J* should be symmetric around o = %, and indeed
in all cases we know where J* can be computed, this property does not hold. Hence,
the relation é,(x) = ¢, (1 —«) may fail since one side may be finite and the other
infinite, leading to the failure of the Gallavotti-Cohen symmetry I T(—s) = It (s)+s.
The fact that for unbounded entropy production observables the Gallavotti-Cohen
symmetry may fail is known in the physics literature [1, 2, 6, 14, 19, 30-32]. In some
of these works one can also find various prescriptions how the entropy production
observable can be modified so as to restore the Gallavotti-Cohen symmetry. We
shall discuss this topic in the continuation of this paper [24].

2.6. Perturbations

We shall consider the following type of perturbation of the reference state w.
Let P be a bounded self-adjoint operator on K such that D~' + P > 0. To avoid
trivialities, we assume that P is not the zero operator. Let

D" ="'+ P!
and let w” be the centered Gaussian measure with covariance D”. Obviously,
D = (D' + P!,

where P, = e £ Pe L. We consider the following two cases, assuming that
(G1)-(G4) hold for D.
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Case 1. P is a nonnegative trace class operator such that 9P = P?¥, and
s-lim P, = 0.

t—+o00

In this case, o’ and w are equivalent and (G1)-(G4) also hold for D¥. Moreover,
using the superscript P to denote the objects associated with the initial measure w?,
we easily check that

1
Di=Di  E'@=E@, ¢"=c+(LP+PL), (") =wi0),

where we used (22) to derive the second relation. We also see that the functions
eP(a) and e(a) coincide on J N JP. It is possible, however, that J¥ # J and
JTP £ J*, and in fact the difference could be quite dramatic. Indeed, let us fix
P and consider the perturbation AP for A > 0. Pick a unit vector ¢ such that
Py = kg with k > 0.

We consider first the case of J*¥. One easily sees that for any o > 1,

(@, (D" +aT! ) < % —A((@ = Dk —alp, Pg)). €19

There exists #y such that for ¢ > 1y, (¢ — 1)k — (¢, P,¢) > (¢ — 1)x/2. Hence, for
t >ty and A > 2a/km(c — 1) the right-hand side of (31) is negative which implies
that « > 1+ §*". Thus

8 =liminf§}" <o —1

—>00

provided A > 2a/km(a — 1). Letting now o« | 1 we conclude that

lim 6*" =0,
A—00
and the intervals J** collapse to [0, 1] in the limit A — oo.

To deal with the case of J**F, we set v, = e'“y for o > 0 and Ya.r = ¢ for
o < 0. A simple analysis yields

I+ ||
[VaI? — AMal(c — (¢, Pip)).

Wars (DY —aTH) ) <

Repeating the previous argument, one shows that the length of the interval J ™%
goes to zero as A — oo, so that the intervals J ™% collapse to {0}.

Case 2. P >0, 9P = P?¥, and P, = P for all r € R.
Hypotheses (G1)—(G4) again hold for D”, and we have
DY =((;'+ P!, P =g, ot =o0.

Replacing P with AP, it is easy to see that §*F, defined by (11), satisfies
lim;_, o 8*7 = o0o. Since (=87, 14 8*") c J* and (=8*",8"") c J™F, we see
that the intervals J** and J™% extend to the whole real line in the limit A — oo.
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3. Examples
3.1. A toy model

Suppose that the generator L satisfies £* = —L, and let ¢ € K be a unit vector
such that the spectral measure for £ and ¢ is purely absolutely continuous. Let

D=1+A\P,,

where P, = (¢, -)¢ and A > —1. Then D, = I 4+ AP,, where ¢, = Loy is
a continuous curve of unit vectors converging weakly to zero as t — +4oo. Let
Ar = %(|A| 4+ 1) denote the positive/negative part of A. One easily verifies that
(G1)—~(G3) hold with m=1—XA_, M =14+ A, and Dy = I, so that
8= ! +
2
Without loss of generality we may assume that (G4) holds.? Since (I +)»P1,,)_1 =

I— HLAPI/, for any unit vector ¥ and any A # —1, we have

B A
D 1+aE=I—m((1—a)P¢+aP¢t),

D;l—aT,:I—La(PW—Pw).
1+ 2

Using the simple fact that for any two linearly independent unit vectors ¢, ¢ and
all a,b e R,

N2
sp(aP, +bPy) = {0} U a—;—bi\/(azb) +ab(y, @)’ ¢,

| <

one easily shows that
I1+A }

5 1 N 14+ 1 I+ { cR
= ol R Y = o
' 4 20— (p,00b) 2 ! AV = (9, )2

Recalling that (¢, ¢;) — 0 as t — +oo we see that for all A > —1, § =8 =4 and
Jt = (=8%,8") where

8+=1+X= 8 for A € (—1,0],
(A 1+6 for A € [0, 00).

2That can be always achieved by replacing K with K & K, £ with £ ® L*, ¢ with %gﬂ @ ¢, and setting
V(1 @) = v &Y.
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Furthermore, evaluating relations (46) and (86) established below, we obtain
2
1+ A

)‘.2
e(@) = —1log (1 - maz (1— (g, <Pt)2)) .

e(a) = —3 log (1 + a(l—a)(1 —(fp,%)z)),

It follows that

1 0 for o — 1| <1435,
lim —e, (o) = =2l <2
=00t +00 for |a—%|>%+6,

0 f 5t
lim —e;, () = or fer| <%,
=00 ¢ +00 for |o| > 8.
Finally, one easily computes the Legendre transforms of these limiting functions,
I(s) = (5 +8)s| — 3s. I™(s) = 8%]s).

While the first one satisfies the fluctuation relation, i.e. [ (s)—l—%s is an even function,
the second one does not.

3.2. The one-dimensional crystal

We continue the discussion of Example 2.1. Our starting point is harmonic crystal
on A =7 and in this case we drop the subscript A. For our purposes we will
view this crystal as consisting of three parts, the left, central, and right, specified
by

A@ = (—OO, _1]’ AC = {0}7 Ar = [15 OO)

In what follows we adopt the shorthands Hy, = Hy, ha, = h¢, ja, = je, etc. Clearly
%=xe®%c®%ra ]C:,CE®ICC®ICI”9
where KC; = Eﬁ(AS) &) Eﬁ(AS) for s =¢,c,r, and
H=Hy+V,+V,

where
Hy=H,+ H.+ H,

and Ve(p, q) = —qoq-1, V:(p,q) = —qoq1.
The reference state w is the centered Gaussian measure with covariance

D=D;®D.® D,

where
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I, is the identity on Z]%Q(AS), and 7y > 0. Thus, initially the left/right parts of the
crystal are in thermal equilibrium at temperature 7/.. The Hamiltonian V;,, couples
the left/right parts of the crystal to the oscillator located at the site n» = 0 and this
allows for the transfer of the energy/entropy between these two parts. The entropic
fluctuation theorems for this particular Gaussian dynamical system concern statistics
of the energy/entropy flow between the left and right parts of the crystal.

Hypotheses (G1)-(G4) are easily verified following the arguments of Chapter 1
in the lecture notes [22] and one finds that

( ) _ (T@ - Tr)2
wy (o) =k T
where k = (\/3— 1)/2x, and
(@) = —«1 1+(T£_Tr)2 (1—a) (32)
e(a) = —«k log T o ) ).
Note that e(«) is finite on the interval J, = (—4§,, 1+ §,), where
in(7,, T,
= M, (33)
|Tl - Trl

and takes the value +4oo outside the interval J,. Note also that §, can take any
value in (0, oco) for appropriate choices of Ty, T, € (0, 00). The measure v in Part
(2) of Theorem 2.1 is

V=KD 5, +KkDiys,,

where %, is the Dirac measure centered at a.
We finish this section with several remarks.

REMARK 1. The intervals J, J* can be strictly smaller then J,. To see this,
fix T., 6,, « > 1, and set T, = (1 +80_1)Tg to ensure relation (33). Let ¢ € K be
such that (¢, h.¢) = 1. One has

1
(@, (D™ +aTg) = Y — (1 =)@, h) +algr, hsg)

s S
where ¢, = e "“¢. Since the skew-adjoint operator L has purely absolutely continuous
spectrum and k. is compact, there exists fy > O such that
a—1

20

for all r > ty. Moreover, since the Hamiltonian flow is uniformly bounded there
exists a constant C such that

(@, he) = (e P02, k=2 h ™1 2e T n 1 2g) <

o
T,

7 (A =)@, hepre) + (@, heprp)) < C
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Summing up, if 7; > 4CT.«/(x — 1), then

l -« Y o 0
— < .
2T, T,

for all ¢t > f9 and hence § < «. Thus, in the limit 7, — oo the interval J collapses
to [0,1]. In a similar way one can show that in the same limit the interval J*
collapses to {0}. On the other hand, arguing as in the Case 2 of Section 2.6, one
can always take Ty/,, T, — 0 in such a way that in this limit the intervals J, J©
extend to the whole real line.

(0, (D' +aT)p) <

REMARK 2. Somewhat surprisingly, even in the simplest example of the harmonic
crystal discussed in this section, it appears difficult to effectively estimate the location
of the intervals J, J© outside of the perturbative regimes. In particular, the subtleties
regarding the location of these sets were overlooked in Sections 1.11, 1.14 and 1.15
of the lecture notes [22]. These difficulties raise many interesting questions and we
leave the complete analysis of these aspects as an open problem.

REMARK 3. An interesting question is whether one can find P such that for the
perturbed reference state w® as defined in Section 2.6 one has J = J,. That can
be done as follows. Set B, = 1/T, suppose that B, > B, and let

P = (:Br - ,Bc)lc 0
0 (,Br + 2/33 - 3:30)Jc + /Sevg + ,Brvr ’

where v,/ denotes the self-adjoint operator associated with the quadratic form 2V,,.
One easily checks that

DP = (B.h — Xn{M)7",

aM la,ua. O
¢ 0 jZ(N) ’

and je(N) denotes the restriction of the operator (7) to R”¢YAc with Neumann
boundary condition. We are concerned with the interval

JP={a eR|(D") " +aT” > 0}.

where X = 8, — B, > 0,

Since
(DIP)—I — B — Xe‘“:*hsz)e_’ﬁ — i (,Br . Xe’Lh‘l/zhEN)h_l/ze_’L) n\2,
a simple computation gives
(D) ' +aTf
— 2 <,3r — (- a)thl/zh((zN)hfl/z . aXe’thl/zhsz)h”/ze*’L) n'2,
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and hence
JP={a eRIB/X > 1 —a)h PRV n 2 4 aeth= ' 2pV p=12e 7y,

Since B,/X =1+, and
Pl 0<h™ <h,

we have that for all ¢, (=80, 14+8,) c JF.

Thus, lim, 8" =6, and J* = J,.

REMARK 4. In contrast to Remark 3, we do not know whether there exists P
such that for the perturbed reference state w” one has J*¥ = J,.

REMARK 5. In the equilibrium case 7, =7, =T we have w (o) =0, and one
may naively expect that o does not fluctuate with respect to w and w,y, i.e. that
e(ax) = e (a) =0 for all a, and that I(s) = I (s) = oo if s # 0. If one also takes
T. =T and the perturbed reference state described in Remark 3, then o = 0, and
the above expectation is obviously correct. On the other hand, for the reference state
determined by D, in the high-temperature regime T — oo, T, fixed, the interval J
collapses to [0, 1] while the interval J* collapses to {0}. Hence, in this regime,
the rate functions 7 (s) and I *(s) are linear for s <0 and s > 0, with the slopes

of the linear parts determined by the end points of the finite intervals J and J+,
and the entropy production observable has nontrivial fluctuations.

REMARK 6. The scattering theory arguments of [22] that lead to the derivation
of the formula (32) extend to the case of inhomogeneous one-dimensional harmonic
crystal with Hamiltonian

2 (7 2 Kn( n— Yn— )2
HA(p,q)=Z(%+ 2q”+ 1 2q 1 )
neA

where w, and k, are positive numbers satisfying
C_lfa)n,/cnfc for all n € Z,
and C > 1 is a constant. In this case the operator j is the Jacobi matrix

(J@n = (0p + Kn + Knt1)Gn — KnGQn-1 — Kn1Gn+1, n e Z.

One easily verifies that Hypotheses (G1), (G2), and (G4) hold. If j has absolutely
continuous spectrum (considered as a self-adjoint operator on E%C(Z)), then (G3)
also holds. Moreover, w, (o) and e(x) can be computed in closed form in terms
of the scattering data of the pair (j, jo), where jo = j, ® j. & j, (for related
computations in the context of open quasi-free quantum systems we refer the reader
to [21, 22, 25]). The formulae for w;(0) and e(w) involve the scattering matrix
of the pair (j, jo)? and estimating the location of the intervals J, J* is difficult.

3In the case of harmonic crystal considered in this section, j is a discrete Laplacian and the absolute values
of the entries of the scattering matrix of the pair (j, jo) are either Os or 1s. For this reason the formula (32)
for e(a) has a particularly simple form.
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However, the interesting aspect of the formula for e(x) is that it allows to express
the measure v in Part (2) of Theorem 2.1 in terms of the scattering data. The
mathematical and physical significance of this representation remain to be studied
in the future. Finally, the scattering methods can be extended to treat an arbitrary
number of infinite harmonic reservoirs coupled to a finite harmonic system. The
discussion of such extensions is beyond the scope of this paper.

4. Proofs
4.1. An auxiliary lemma

Using the notation and conventions of Section 2.1, we have the following simple
result.

LEMMA 4.1.

() If A = A* € T, then the quadratic form EHZQ(F) 3 x > galx) = (x, Ax)
has a unique extension to an element of L'(X,dwp) with a norm satisfying
llgalli = DI |Ally. Moreover,

qu (x) dwp(x) = tr(DA). (34)

(2) Let R >t +— A, = A € T be differentiable at t = ty and let Ato be its
derivative. Then the map R >t + qa, € L'(X, dwp) is differentiable at t = to
and

d

E qu = thO'

=1

(3) If 1 does not belong to the spectrum of A, then the function T 3 X — F(X) =
det(I — X) is differentiable at X = A and its derivative is given by

(DAF)(X) = —F(A) tr((I — A)7'X). (35)
Proof:

Part (1) By Eq. (4), the function x > ®,(x) = (y, x) belongs to L*(X,dwp) for
y € X]. Moreover, Fubini’s theorem yields the estimate

ENEE y,-yj/xix, dop(x) = Y Dijyiyj = (y, Dy) < IDIlIlyI>,  (36)
i,jer i,jer
which implies that the linear map y — @, has a unique extension @ : EHZR(F) —
L*(X,dwp), such that |®| < | D|'>.

A self-adjoint A € 7 has a spectral representation A = ), axgi(¢x, -), where
the a; are the eigenvalues of A and the corresponding eigenvectors ¢ form an
orthonormal basis of ¢(I"). It follows that ga(x) = >, a;®P,, (x)* from which we
conclude that g4 extends to an element of L'(X,dwp) with

lgalli <) " larl 19y 113 < D lal 1D = ID] Al
k k
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The last equality in Eq. (36) yields
[ a1t don) = 310,18 = Y ator. D = w(AD)
k k

which proves the identity (34).
Part (2) It follows from Part (1) that the linear map 7 > A > g4 € L'(X,dwp)
is bounded and hence C!.
Part (3) Using a well-known property of the determinant (see Theorem 3.5 in [29]),
we can write
F(A+X)=det(] — (A+ X)) =det((I — A — (I —A)'X)
=det(I — A)det(I — (I — A)~'X)
= F(A)det( — (I — A)"'X).

To evaluate the second factor on the right-hand side of this identity, we apply the
formula

det(/ + Q) = 1+ Y _tr(Q™),
k=1

where Q"% denotes the k-th antisymmetric tensor power of Q (see [29]). Since
1011 < (k)~'||Q|I¥, one has the estimate

el

> 1o13.

det(I + Q) — 1 — (@) < el —1 @], < *

It follows that

detl — (I — A 'X)=1-t( — A'X)+O(XID,
as X — 0 in 7. Thus, we can conclude that

F(A+X)— F(A) = —FA) u( — A™'X)+ O(IX|D.

and the result follows. O

4.2. Proof of Proposition 2.1
Part (1) Up to the constant tr(Dg) (which is well defined since ¢ € T), o is given
by the quadratic form g. which is in L'(X,dw) by Lemma 4.1 (1). For x € X,
1.e. w-a.e. x € X, one has
1 * *
0;(x) — oy (x) = 3 <x, (e'F et — 'F gesa)x) ,

whence, setting ¢, = et ce't and applying again Lemma 4.1 (1), it follows that

1
lor — osll L1 dwy = EHD” e — gslh-
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Thus, it suffices to show that the function ¢ — ¢, € T is continuous. This immediately
follows from the norm continuity of the group e'“, the fact that ¢ € 7, and the
well-known trace inequality ||[AB]|l; < ||A]l ||B]l:. We note, in particular, that

loel 1 x.awy < IDICL+ e 1) Nl for t € R.
Part (2) From Eq. (5), we deduce that

1 1
Lolw = 3 logdet(I + DT;) — Eth. 37

Now note that 7, = D, — D! satisfies the cocycle relation
Tips =T +e ' Te " (38)

It thus follows from Assumption (G1) that the function ¢ +— T; € T is everywhere
differentiable and that its derivative is given by

T, = —2¢.,. (39)

Lemma 4.1 (3) and the chain rule imply that the first term on the right-hand side
of (37) is a differentiable function of 7. Using Eq. (35), an elementary calculation
shows that

1d
~—logdet({ + DT, = —tr(Dg).
5 7 logdet(I + DT)| = ~tr(Ds)

Applying Lemma 4.1 (2) to the second term on the right-hand side of Eq. (37),

one further gets
1d

57 91 =95 =ds© o
Summing up, we have shown that
d
EE(DHQ}:O—I’ t ER

Since the function t — o_, € L'(¥,dw) is continuous by Lemma 4.1 (1), and
Lojw =0, we can use Riemann’s integral to write

t
Ewrlw:/ o_sds. 40)
0

The fact that, for w-almost every x € X, one has

Loylo(x) = / o_s(x)ds, (41)
0

follows from Theorem 3.4.2 in [20].
Part (3) From the cocycle relation

Loyssio = Loyl + Loglw 0 @' (42)
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we infer
1 d
_ (ezws\w _ 1 _ SO_) ¢—t dwt

1
g = = (eformio = elorto) — g etorlo =
N

N w

and hence

1 4
/ |ss|dw=—/ letoso — 1 — 50| do
x

o e =1 =t dot [ [t = o] do
|s| | X

To prove that relation (10) holds in L'(X, dw), it suffices to show that both terms
on the right-hand side of this inequality vanish in the limit s — O.

To estimate the first term we note that the inequality e* — 1 — £ > 0 (which
holds for £ € R) combined with Eq. (34) and (37) implies

IsI/ efoste — 1 — €, 1| do = 5 l(a)(e wslw)—l—/zwswda))
X
1

— = (tr(DTS) — logdet(I + DTs))‘ :
N

By Assumption (G1), the map s +— T; is differentiable in 7 at s = 0. Since Ty = 0,
we can write
0‘ '

hm—/ |efosto — 1 — €, 10| da)_ —(tr(DT) -
s—0 |S|
Using Lemma 4.1 (3) and the chain rule, we get
d . .
- (@(DT,) — log det(I + DT,)) ‘ | =w(DTy) —r(DTy) = 0.
s 5=

To deal with the second term, we use Eq. (40), Fubini’s theorem and Lemma 4.1 (1)

to write
1 1
/ (0_su —0) du 5/ / |q§_w,§| dodu
0 0o Jx

L/ |Ews‘w—sa| dw:/
Is| Jx x

1
< 1D| f s — cllidu,
0

and since the map s > ¢, is continuous in 7, the dominated convergence theorem

yields |

lim ||§—su - §||ldu =0.
s—0 0
Part (4) Relation (8) implies that

w(0) = w(oy) = /xqg, do —tr(Dg),
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and formula (34) yields

w (o) =tr(D(s; — ¢)) = tr(s(D; — D)).
Part (5) Starting from definition (2) and using the cocycle relation (42), we obtain

Ent(w;|w) = —/ ew[|wdwt = / waz\w do.
x x

Eq. (41) and Fubini’s theorem further yield

—t t t
Ent(w,|w) :f / o_sdsdw = —/ / oydsdw = —/ ws (o) ds.
xJo xJo 0

4.3. Proof of Proposition 2.2

Part (1) We have to show that w,, the Gaussian measure of covariance D., is the
weak limit of the net {w;};,~o. Since the cylinders form a convergence determining
class for Borel measures on X (see Example 2.4 in [5]), it suffices to show that
lim; 00 w;(C;(B)) = w4 (C;(B)) holds for any finite subset / C I' and any Borel
set B Cc R’. By Hypotheses (G2)—-(G3), one has lim,.oo D;; = D4 ; and

_lxg?

<e M,

for all x € R’. It follows that lim,_,oc D;; = D1} as well as lim,_.o det(2m D, ;) =

det(2mr D4 ;) so that

o 3Dy )

P
-5, Dt1") e 200Dy dx,

1
1/det(ZJTD, ) f B JdetRr Dy 1) ./z;

holds by the dominated convergence theorem. The same argument applies to w_.
Part (2) Follows directly from Lemma 4.1 (1) and Proposition 2.1 (4).

4.4. Proof of Proposition 2.3
Part (1) Let us note that o € J; if and only if
D' 4aeF D le — D > 0. (43)

It follows that J; is open. For 6 € [0, 1], we can write
D' +6a(e X D — D~ 1)—9(0 +a(eE' D e — —1))+(1—9)D—1,

whence o € J; = 6o € J; and we can conclude that J; is an interval. Multiplying (43)
by © from the left and the right and using the relations © = ¥* = 9~!, we obtain

D71 _'_a(etL*Dflet[, _ Dfl) > 0, (44)

whence we see that « € J_,. By symmetry, we conclude that J_, = J;. Furthermore,

multiplying (44) by e"%" and e '£ from the left and the right, respectively, we

obtain .
aD '+ (1 —a)e £’ D eE > 0.
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It follows that 1 — « € J;, and by symmetry, we conclude that « € J; if and only
if 1 —a € J;. Thus, J, is an open interval symmetric around o« = %
Part (2) For any bounded operator C > 0 on E%(F) and for any «,t € R such that
C '+ aT, > 0, formulae (5) and (37) allow us to write

det(I + DT)))"
Corlo _ !
el doc _\/ det(/ +aCT,)) O amy - @)

By definition D' 4+ aT; > 0 for a € (=68,,1+8,). Taking C = D in (45) and
integrating over X, one easily checks that

1
er(@) = %log det(! + DT,) — 5 logdet(I +aDT,) (46)

for all +t € R and o € (—§&;,1 4+ §;). The first term on the right-hand side of
this identity is linear in o and hence entire analytic.¥ The determinant in the
second term is also an entire function of «, and its logarithm is analytic on the
set where the operator I + aDT; is invertible; see Section IV.1 in [17]. Writing
I[+aDT, = D(D~'+aT,), we see that I +a DT, is invertible for o € J,. Furthermore,

since
I +aDT, =aD"?* '1 + D'?*1,D"*)D~'/2,

and the operator D'/2T;D'/? is self-adjoint, we conclude that I +aDT; is invertible
for « € C\ R. Hence, the function ¢;(«) is analytic in the cut plane C, UC_U J,.
Its convexity is a well-known property of Rényi’s relative entropy and follows from
Holder’s inequality applied to Eq. (13), and relations (14) are easy to check by
a direct computation.

It remains to prove that e,(0) = +oo for o ¢ J;,. To this end, we first note
that the spectrum of D~! is contained in the interval [M~! m~!] and that the
operator o7, is compact. By the Weyl theorem on essential spectrum, it follows
that the intersection of the spectrum of the self-adjoint operator D~' +«T; with the
complement of [M~',m~'] consists of isolated eigenvalues. Thus, if « ¢ J,, then
there are finitely many orthonormal vectors {¢;}, numbers A; > 0, and an operator
B > ¢l with ¢ > 0 such that

D' +aT, =— ij(goj, Je; + B.
j=l
It follows that

b 1 ¢ _
w(e*‘erlo) = (det(I + DT,)) /2/ exp{EZAj|((pj,x)|2}e CBORe(dx).  (47)
X j=1

Since B— D' €7 and D~'+ B > 0, we conclude from (5) that =892 (dx)
coincides, up to a numerical factor C > 0, with a centered Gaussian measure whose

4We shall see in the proof of Theorem 2.1 that it is in fact identically equal to zero.
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covariance operator is equal to D’ := (D! + B)~!. Hence, we can rewrite (47) in
the form

1 n
a)(eaﬁwzlw) :C/ exp{z ij|((pj,x)|2}a)1y(dx).
X j=1

Since the support of wp coincides with the entire space, this integral is infinite.
Part (3) Using the cocycle relation (42), we can write?’

“lonio) = log (e i)

e(1 —a) = logw(e‘loe
= log w (e~ @lo*?") = log w(e®-11) = e_,(a).

Now note that, by (G4), the measure w is invariant under ¥, whence we conclude
that w_; = w; o and £y, 0 0 = €y_, 0. It follows that e_, (o) = e;(a). Combining
this with the above relation, we obtain the Evans—Searles symmetry.

4.5. Proof of Theorem 2.1
Part (1) We first prove the existence of limit (15). Let us set

D)= (1 —a)D™" +aD)™! (48)

and recall that e;(a) can be written in the form (46). Using the relations (35), (39),
Lemma 4.1 (3) and the chain rule we obtain

d .
- logdet(/ +aDT)) = tr((I +«DT,)'aDT,) = =20 tr(Dy(a)s-,)

= 2« tr(D_,(l - a)g). (49)

In particular, for « = 1 the derivative is equal to zero for any ¢ € R, whence we
conclude that the first term in (46) is identically equal to zero. Let us now fix
o € J and choose ty > 0 so large that o € J; for t > ty. It follows from (46)
and (49) that

1 1 2a (!
cen(a) = —epy (@) — Tf tr(D_s(1 — a)g)ds. (50)

fo
By Assumption (G3)

s-limD_(1—a)=D_(1—a) := (@D + (1 —a)D~")7,
§—>00
and since ¢ is trace class, it follows that
v11)120 tr(DS(l — oz)g) = tr(D_(l — oz)g).

Combining this with (50), we conclude that for « € J,

lim le,(oz) = 2« tr(D,(l — a)g). (1))

t——+oo f

5Note that this computation does not use (G4).
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Once the existence of limit is known, we can easily obtain the required properties
of e(x). The convexity of e(w) and the first and last relations in (16) follow
immediately from the corresponding properties of e;(«x). Furthermore, it follows
from (40) and the invariance of w under ¢ that

eﬁ(O):/ﬁwﬂw(x)a)(dx):// oy(x)dsa)(dx)z—/ / os(x)ds w(dx).
X x JO X JO

In view of Part (2), the limit e(w) is analytic on its domain of definition. By
Theorem 25.7 in [26], 1
lim —e;(a) = €' (),

t—oo

for « € J. Using Fubini’s theorem and Part (2) of Proposition 2.2, we derive

1 1 /!
e'(0) = Il_lglo ;e;(O) =—lim - | w(oy)ds =—wiy(o)=—tr(¢D,).

t—oo 0

The third relation in (16) now follows from the fourth one.
Part (2) The analyticity of e(«w) follows from relation (51). We now prove (17).
Let © be the spectral measure of Q for the linear functional induced by the

trace class operator pY 2ng_/ 2. In other words, w is the signed Borel measure such
/ f@udg) =tw(f(QD¢D?), (52)

that
for any bounded continuous function f :R — C. By Eq. (21), the measure p has
its support in the interval [—5_1, (14 6)~']. One easily checks that

fro / F@™Hq nid).

defines a continuous linear functional on the Fréchet space Cop(R) of compactly
supported continuous functions f : R — C. By the Riesz representation theorem
(see Chapter 2 in [28]), it follows that there exists a signed Borel measure v,
with support on (—oo, —§] U [1 4+ §, 00), such that

/ £ v(dr) = / £q™Hq ™ nlda). (53)

A standard argument based on the monotone class technique shows that (53) remains
valid for any bounded measurable function f. Decomposing the measures p and v
into their positive and negative parts, we easily deduce from (53) that

/f(r)lvl(dr) =ff<q1>|q|‘|u|<dq>,

for all bounded continuous f. In particular, taking f(r) = % outside a small
neighbourhood of zero and using (52), we derive

v|(dr)
/ " =/|M|(dq) < |IDY*¢D?|) < 0.
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Recalling relation (23) (which will be established below) and using (53) with
f(r) = —log(1 —ar~!') on the support of v, we obtain

e(@) = —atr(g@@)D*¢D!?) = - / ag(aq)(dq)

= —/q_l log(1 — ag)u(dg) = —/log(l — ozr_l)v(dr).

This relation coincides with (17).
To prove the uniqueness, let v, v, be two signed Borel measures with support
in R\ J, satisfying [ |r|~'|vx|(dr) < oo, k = 1,2, and such that

/log(l —ar Yy (dr) = /log(l —ar Y, (dr)

for o € J. Differentiating, we derive that

fa’vl(r) :/dvz(r) (54)

r—a r—a

for « € J. By analytic continuation (54) holds for all « € Cy UC_. Since the

linear span of the set of functions {(r —a)~'|a € C; UC_} is dense in Cy(R),

(54) yields that for any f € Co(R), [ fdvi = [ fdv,. Hence vy = v,.

Part (3) The fact that [ is a convex function taking values in [0, +o00] follows

immediately from the definition. The relation ¢'(0) = w_(0) = —wy (o) and the

regularity of e imply that I vanishes only at s = w, (o). The validity of (18) is

a straightforward consequence of the last relation in (16). Let us prove (19).
Consider the following family of random variables {X;};cj0.0) defined on the

probability space (X, F, w),
1 t
Y, = —/ oy ds.
t Jo

By Proposition 2.1 (2) and the symmetry relations w = wo ¥ and o o = —0, we
have

e () = log w(e”‘zwt\w) = log a)(e"‘ Joo=s ds) = log w(e*"‘ Jo os ‘“) = log a)(ef""z’),

so that ¢;(—a) is the cumulant generating function of the family {X;};[0,00). Applying
a local version of the Girtner—Ellis theorem (see Theorem 4.65 in [22]), we conclude
that (19) holds with

¢ =min(—w;(0) — dte(=3), —wy(0) + 3 e(1 +9))
= min(e’(0) — d*e(—8), 0 e(1 +8) — €'(1)),

where d%Te(a) denotes the right/left derivative of e(«). The fact that ¢ > 0 follows
from the convexity and analyticity of e(w).

Part (4) As was shown above, e,(—«) is the cumulant generating function of {%,}.
Therefore, by Bryc’s lemma (see [7] or Section 4.8.4 in [22]), the CLT will be
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established if we prove that ¢;(«) extends analytically to a disc D, = {a € C| || < ¢}
and satisfies the estimate

1
sup  —le ()] < oo, (55)

t>1y,0€Dg

for some #y > 0. The analyticity was established in Part (2) of Proposition 2.3.
Using the representation (50), one easily sees that in order to prove (55) it suffices
to show that

sup || D ()] < oo. (56)

1€R,|1—a|<e
An elementary analysis shows that Assumption (G2) implies the lower bound
(1—a)pt 4ap = 2 M =m
‘ MM+ m
for t,s € R and « € [—§,1 4+ §]. Since for z € C,

Re (1 —2)D; ' +zD; ') = (1 —Rez)D;' + RezD; ",

(B+3—la—11), (57)

we have the upper bound

—1 MM+ m
I (1=2D;' +zD]") || < Ry

for s, € R and z in the strip {z € C|Rez € (—§,1 4 §)}. Thus, the required

estimate (56) holds provided € < §.

Part (5) We first note that the differentiability of e(«) at zero and a local version

of Theorems I1.6.3 in [11] (which holds with identical proof) implies that, for any

e >0 and any integer n > 1,

C()({x € f| |En —a)+(o’)| > 8}) < e*a(é‘)n’

(5+1—|Rez— 1))~ (58)

where a(e) > 0 does not depend on n. By Theorems 11.6.4 in [11], it follows that

n

lim l os(x)ds = wy(0) 59)

n—oon J

for w-a.e. x € X. Suppose now we have shown the following inequality for some

r<l1,
n+t
/ os(x)ds

where ng(x) > 0 is an integer that is finite for w-a.e. x € X. In this case, we can
_|_ J—
n2

write
1 t 1 n 1 n+t 1 n
_/ oy(x)ds — — oy(x)ds og(x)ds oy(x)ds
t Jo n Jo 0

S —_
n n
where n is the integer part of t and 7 =t —n. It follows from (60) that the first
term on the right-hand side goes to zero for a.e. x € X, and the second goes to

sup <@mn+1 for n > ny(x), (60)

0<r<1

’
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zero in view of (59). Combining this with (59), we obtain (20). Thus, it remains
to establish (60).

Let us fix an arbitrary r € (0,1) and denote by &,(x) the expression on the
left-hand side of (60). In view of the first relation in (12), we have

Sn(x) = Sup

0<t<l

n—+t r . n—+t
/ (e*~x, gce~x)ds| = sup |(x, St X) |, Cn.t :=/ gy ds.
n 0<r<l n

Suppose we have constructed a sequence {B,} of self-adjoint elements of 7 such
that, for any n >0,
sup |(x, GasX)| < O, Bax),  [IBali < C, (61)
0<t<l
where C > 0 does not depend on n. In this case, introducing the events A, = {x €
X|&,(x) = (n+1)"}, for sufficiently small ¢ > 0, we can write

w(A,) < e g () < D (det(I — 26DB,)) ", (62)

where we used the fact that the Gaussian measures on X with covariance operators
D. = (D7'—2¢B,)"! and D are equivalent, with the corresponding density given

by (see (5)) "
App(x) = (det(J — 26 DBy)) "B

In view of the second inequality in (61), the determinant in (62) is bounded from
below by a positive number not depending on n > 0 for sufficiently small ¢ > 0. Thus,
the series ), w(A,) converges, and by the Borel-Cantelli lemma, inequality (60)
holds with an almost surely finite integer ng(x).

We now prove (61). From Assumption (G2) we derive

* *
MZD;:EILDEIE Zmezﬁetﬁ ’

172
le'£ | < <K> (63)
m

holds. Since ¢ € T is self-adjoint, one has |(x, ¢x)| < (x,]|s|x) for all x € K.
Hence

so that the uniform bound

n+1 n+1
sup (X, Guix)| < / [(e*Fx, cet“x)lds < / (e*“x, |gletx)ds = (x, Byx),
n n

0<r<l

where —
B, :/ Ll clettds

n

is a self-adjoint element of 7 such that

M
I1Balli = — Nl
m

The proof of Theorem 2.1 is complete.
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4.6. Proof of Theorem 2.2

Part (1) Let {s,} be an arbitrary sequence converging to §. Recall that D~!'+aT;, > 0
for o € J;,. Multiplying this inequality by e“/?> from the right and by e*£/2
from the left, we obtain

(1—a)D ,+aD,}, >0,

for any o € J;,. Invoking Assumptions (G2)-(G3), we can pass to the limit in the
last inequality to get
(1—a)D-' +aD}' >0,

for any o € J. Taking « = 1 +6 and o = —3§ and performing some simple
estimation, we obtain inequality (21). Furthermore, it follows from (21) that «Q < 1
for a € (-8, 1 +6), whence we_conclude that the operator function (22) is analytic
in the cut plane C; UC_ U (-4, 1+ §).

Part (2) We first prove the existence of the limit in (23). To this end, we shall
apply Vitali’s convergence theorem to the sequence of functions

1
hn(a) = t_etn(a)v n= 19 o€ Jtn‘
By the very definition of 3, for any & > O there is N, such that, for all n > N,
the function £, is analytic in the cut plane C_ U C, U J, where

Jo=(=84e1+8—-e)CJ,.
By the proof of Part (4) of Theorem 2.1 (more precisely Eq. (58)), the functions
h, are uniformly bounded in any disk or radius less than § around o = 0. By the
Cauchy estimate, the same is true of their derivatives ).

Let Ky be the compact subset of (C_ UC, U J;) \ {0} described on the left of
Figure 1. From definition (48) we infer

1

D, (@) =D"?(14+aQ,)"'D'? =Dz - Q)7'D'?, = z=—-,

o

where Q, = D'/2T, D'/? is a self-adjoint element of 7. By definition, a € J, iff
I +a0, >0, ie.

sp(Qn) C (—(1+8,)7. 8 Cc(—(U+5—a)" G- (64)

for all n > N.. Since the function @ +— z = —1/@ maps Ky to a set which is
uniformly separated from sp(Q,) (see Fig. 1), it follows from the spectral theorem
that 2|
Z
sup || Dy, ()|l < [ID]l sup

.— <
n>Ng n>Ng dlSt(Z7 Sp(Qn))
aekK -z lek

Applying Lemma 4.1 (3) to Eq. (46) (recall that the first term on the right-hand
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Ima Imz

Rea Rez

Fig. 1. A compact region Ko C (C-UC4 U Je) \ {0} and its image under the map « — z = —1/a. The thick
lines in the «-plane are the cuts R\ J;. By Eq. (64), if n > N¢, then the spectrum of Q, lies inside the thick
line of the z-plane.

side of the latter vanishes) and integrating Eq. (39) to express 7;, we obtain

1 1
(@) = =5 te(D,, @T;,) = /0 (r(Dy, (@) 6y, )ds.

n

The bound (63) further yields

, M
|hy ()] < sl liDy, (@),

and the previous estimate allows us to conclude that the sequence {A},>n, is
uniformly bounded in Kj.

Summing up, we have shown that {£)},>x, is uniformly bounded on any compact
subset of C_UC, U J; and since h,(0) = 0, the same is true of the sequence
{hy}n>n.. By Part (1) of Theorem 2.1, the sequence {h,(x)} converges for o € J.
By Vitali’s theorem (see Section 1.A.12 in [18]), we conclude that the sequence {4, }
converges uniformly on any compact subset of C_UC, U Js, and the limit is an
analytic function on it. Since ¢ > 0 was arbitrary, we see that the middle term in (23)
is well defined for any « € C_UC+Uf and is an analytic function on this domain.

To prove the second equality in (23), since both left- and right-hand sides
are analytic functions on C_ U C, U J it suffices to establish it for o € J.
The lower bound (57) shows that D,(x) is bounded and strictly positive for all
t € R and @ € (—6,1+ 8). It follows from Eq. (37) and Lemma 4.1 (1) that
Loy € L' (X, dop, ). Moreover, Eq. (45) shows that for f € L'(X, dwp, @),

w (e el f)
w (e lorlo)
Using this relation with f = ¢,,|,, integrating the identity

op,@(f) = (65)

eorlo = 1 4 f etorog,, ., dy
0
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against w, and applying Fubini’s theorem, we obtain

w(e*torlo) = 1 +/ C‘)(eﬂ‘”"‘“)wD;(y)(Zwtlw) dy.
0

Resolving this integral equation (which reduces to a linear differential equation) for
o > w(e*erlo), we derive

w(eotga)t\a)) = exp(f a)Dt(y)(gwtw)dy)
0

Taking the logarithm, dividing by ¢, and using (41), we obtain

1 1 [«
;ez(a) /wD;(y)(zwzlw)dV— //le(y)(Us)deV

/ / p,(y)(0—1s) dsdy. (66)
It follows from (34) and the first relation in (12) that
0D, () (O—15) = u(Dy(y) 5iy) = tr(e " EDi(y)e ™ )
=u(((1 =D +yDrl,) 'c).
Combining this with Hypothesis (G3) and a continuity property of the trace, we
derive
lim wp, ) (0-1;) = tr(Dyg) = wp,(0)  for y € (=8.1+38), s € (0. 1),

where we set 5], = ((1- )/)D:1 + yD;l)*]. The bound (58) allows us to apply
the dominated convergence theorem to Eq. (66), and conclude that

1 o 1
e(a) = lim —e;(a) :/ / wp. (o) dsdy
t—oo 0 0 14

o
:/ tr(Dy,s)dy, o€ (=8,1+39). (67)
0
Writing 5), =D - yQ)*lDl_/z, we further get

e(a)zfatr(Dl/z(I y0)"'DY*¢)dy,
0

and performing the integral yields Eq. (23) for o € (=6, 1+ §).

Finally, to prove (24), it suffices to note that if o does not belong to the
closure of J then, for infinitely many n > 1, o ¢ J;, and by Proposition 2.3 (2),
e, (o) = +o0.

Part (3) The required properties of the rate function [ follow from (16) and
elementary properties of the Legendre transform. Thus, we shall only prove (26).
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In doing so, we shall assume that the interval J is finite; in the opposite case, the
result follows immediately from the Girtner-Ellis theorem; see Section 4.5.3 in [10].
Moreover, we shall consider only the nondegenerate situation in which w, (o) > 0.
The analysis of the case w (o) =0 is similar and easier.

Let us extend é(«) to the endpoints of the interval J by the relation

o . 1 R n

e(a) = limsup —e; (), o€ {-8,1+56}.
t—+oo [

Since the extended function ¢ is convex and, hence, continuous at any point where it

is finite, the Legendre transform of e(—a«) coincides with I defined by (25). In view
of a well-known result on the large deviation upper bound (e.g. see Theorem 4.5.3
in [10]), the following inequality holds for any closed subset F C R,

1 [ A
—/ os(x)ds € F}) < —inf I(s).
tn 0 seF

Since I is also continuous, this upper bound easily implies that (24) will be
established if we prove the inequality

1
limsup — logw ({x eX

n—oo n

1
liminft— log w ({x eX
n—oo n

I A
—/ os(x)ds € 0}) > —inf I(s), (68)
n Jo seO
where O C R is an arbitrary open set. A standard argument shows that it suffices
to prove (68) for any open interval 7 C R. Let us set

s =— lim é(a), st =— lim &' (a).

atl+d al—8

In view of the local version of the Girtner—Ellis theorem (see Theorem 4.65 in® [22]),
relation (26) is true for any interval 7 C (s—,s™). Thus, it suffices to consider the
case when J = J;. = (s —¢&,5 +¢), where (s —s1) > 0. The proof of (68) is
divided into several steps.

Step 1: Reduction. We first show that the required inequality will be established
if we prove that, for any § € R satisfying the inequality +(§ — sy) > 0 and any
e >0,

Jim inf - log (B, (5,¢)) = —1(§ £ e), (69)

n—o00 tn

where B,(S,¢) = {x € X| IIn_IEw,n\w + §|] < ¢}. Indeed, we have

f(s) _ {A—(l ++8)s —e” for s < s;, (70)

és —e for s > s™,

6In the formulation of Theorem 4.65 in [22], it is required that the limit of 7~ le,n (@) as n — oo should

exist for any « in the closure of J. However, the same proof works also in the case when the limits exist only
forw € J.
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where e~ (respectively, e™) is the limit of eé(a) as a 4 1436 (respectively, o | —3).
In particular, the rate function [ is everywhere finite and continuous. It follows
from (69) and inequality (68) with 7 C (s—,s*) that

1 [
—/ os(x)ds € JW})
In 0

1
= lim hmmf—logw(B (s, 8)) > I(s)

e—>0t n—o0

1
lim liminf —logw ({x eX

g0t n—oo0 f,

where § € R is any point. A well-known (and simple) argument implies the required
lower bound (68) for any interval J C R. Thus, we need to establish (69). To
simplify the notation, we shall consider only the case when § > s, (assuming that
Sy < 00).

Step 2: Shifted measures. Let us fix § > st and denote ¢ (o) = ¢,(—a) and
é(a) = e(—a). Since é;n is a monotone increasing function mapping the interval
—J, = (=1-6,,,8,) onto (—oo,00) (see (46)), for any n > 1 there is a unique
number o, € —J, such that ¢ («,) = t,5. Following a well-known idea in the
theory of large deviations, let us define a sequence of measures v, on X by their
densities -

Avnlw = exp(_angwtn\w — €y, (an))
Suppose we have proved that

liminfv,(B,(, ¢)) > 0. (71)
n—oo
In this case, assuming that «, > 0, we can write
w(Bn(§7 8)) = / exp(angwfn \w + éln (al’l))dvl’l
Bn(&ﬁ)

> CXP(tnOln(—§ —&)+ étn (an))vn (Bn(g’ 8))»

whence it follows that

1 1
hmmft—loga)(B (s, s)) > 11m1nf(ozn( §s—e)+ " —éy, (an)). (72)
n— o0 n n
If we know that ) 1
lim «, =6, liminf —e,, (o) > et (73)
n— o0 n— oo n

then o, > 0 for n large enough and inequality (72) and relation (70) immediately
imply the required result (69). Thus, we need to prove (71) and (73).

Step 3: Proof of (73). Since a, € —J;, and §;,, — S, the first relation in (73)
will be established if we show that

liminfo, = 3. (74)

n—oo
Suppose this is not the case. Then there is ¢ > 0 and a sequence n;y — 400
such that —1 < a,, < 6 —¢&, where the first inequality follows from the fact that
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é;ﬂ () > 0 and é;n(—l) < 0. To simplify notation, we assume that the entire
sequence {o,} satisfies this inequality. It follows that

1 1 o
st <§= t—é;n(an) < t—é;n b —e) for any n > 1. (75)
n n

Since %e,n () are convex functions converging to the smooth function e(a) for
ae—J , by Theorem 25.7 in [26], we have

1 R
lim —¢é; (a) =é'(a) for any o € —J,

n—oot, "

and the limit is uniform on any compact subset of —J. Comparing this with (75),

we see that st < &'(§ —¢). It follows that & is constant on the interval [§ — &, 8]
and, hence, by analyticity and the first relation in (16), the function e(«) vanishes.
This contradicts the assumption that w, (o) > 0 and proves (74).

We now establish the second relation in (73). For any y € (0, 3), we have

An

6 (o) = &, () + / & (@) da = 2,(y) + (@ — )E. (O).
Y

where we used the facts that e’ is nondecreasing and that «, > y for sufficiently
large n > 1, in view of the first relation in (73). It follows that

1iminflém () = E(y) + (6 — y)&(0).

n—oo f

Passing to the limit as y — §, we obtain the required inequality.
Step 4: Proof of (71). Let us introduce trace class operators

Q,=D"T,D'?  M,=1;'U-0,0,)7"'Qu, n=1
Since o, € —J;,, the operator I —«, Q, is strictly positive and M, is well defined.

Suppose we have shown that

l)n(f()(n)): :u(f(Yn))9 X, = _tn_lzw;nlwv Y, = %(x’ Mnx)9 n>1,

(76)
where f : R — R is an arbitrary bounded measurable function and p is the centered
Gaussian measure on X with the covariance operator /. In this case, taking f to
be the indicator function of the interval [J; ., we can write

va(Bn(3, 6)) = u(fx € X11Y,(x) — 5| < &}) =: pu(e) for any n > 1.
Thus, the required assertion will be established if we prove that

in{ pn(e) >0 for any ¢ > 0. a7
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To this end, let us assume that we have proved that
M :=sup | M, |l; < oo, tr(M,) = 25. (78)

n>1
We now use the following lemma, whose proof is given in the end of this
subsection (cf. Lemma 2 in [8, Section 3].)

LEMMA 4.2. Let 1 be the centered Gaussian measure on X with the covariance
operator 1. Then for any positive numbers k and & there is p(k,€) > 0 such that

n(lx € X[, Mx) — te(M)] < &}) = plx. ) (79)
for any self-adjoint operator M € T satisfying the inequality |M|; < k.
In view of (78), we have
Y,(x) —§ = (x, %Mnx) — tr(%Mn).
Applying Lemma 4.2 with « =291, we see that (77) holds. Thus, to complete the
proof of the theorem, it remains to establish (76) and (78).
Step 5: Proof of the auxiliary assertions. Simple approximation and analyticity

arguments show that, to prove (76), is suffices to consider the case in which
f(x) =e"", where y € R is sufficiently small. Thus, we need to check that

(XD ) = (). (50)

Recalling the construction of «, and using the relation e;(x) = —%log det(/ —a Q)
(see (46)), we write

v (exp(—yt, o, 1) = AGXP(—(VIJI + o)y, o0 — 1, () ) 2 (dX)

= exp(é,n(ytn_l +a,) —é, (a,,)) = det(l — yM,,)fl/z.
This expression coincides with the right-hand side of (80).

Finally, to prove (78), we first note that the equality follows immediately from
the choice of «, and the relation ¢€)(a) = %tr((] - aQ,)_lQ,). To establish the
inequality, we start by using (39) and (63) to get the bound

in 1/2 1/2 M2
Ime/HD%JWmMSEwMM (81)
0

Writing the spectral decomposition of the compact self-adjoint operator M,, we
easily show that
M; =t +a,0,)7' 0y,
where AT and A~ stand the positive and negative parts of a self-adjoint operator A,
and we used that fact that o, > 0 for sufficiently large n (see (74)). Combining
this relation with (81), we derive
2

- -1 ——1 - M
(M) =1, w(( + @, Q) Qn)S?“g”l-
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Recalling the second relation in (78), we conclude that
M2
IMylly = te(|My]) = te(M,, +2M,7) <2 (s + ?”5”1) :

The proof of Theorem 2.2 is complete. U

Proof of Lemma 4.2. We set Y(x) = (x, Mx) and note that pu(Y) = tr(M).
Let us denote by {P;, I C R} the family of spectral projections for M and, given
a number 6 > 0, write M = M= + M>?, where M=% = M P;_ ;. Accordingly, we
represent Y in the form

YO =Y +Y"w), ¥ = (x, M¥x) — r(M=’).

Now note that the random variables Y=¢ and Y>? are independent under the law .
It follows that the probability P(M, ) given by the left-hand side of (79) satisfies
the inequality

P(M,e) = u({lY™"] < /2, |Y=| < &/2})
= u({IY=% < e/2)u({1Y="] < &/2}). (82)

We claim that both factors on the right-hand side of this inequality are separated
from zero. Indeed, to estimate the first factor, we note that

k= M|y = 6 rank(M~?), (83)

where rank(M>?) =: N, stands for the rank of M>?. Denoting by A; the eigenvalues
of M indexed in the nonincreasing order of their absolute values, we see that

Ny Ny
2 A0 =D =) Ixf =1l
j=1 j=1

where {x;} are the coordinates of x in the orthonormal basis formed of the
eigenvectors of M. Combining this with (83), we derive

Y= (x))| =

Nop e
pwflY=? ()| < e/2} = u{ jX_;IXf- -1 < Z}

No

> [ Treflx =11 < @eNo) e} = p(8)*”,
j=1

where 8§ = £0/(2«?), and p(8) > 0 is the probability of the event |x?> —1| < § under
the one-dimensional standard normal law. To estimate the second factor in (82), we
use the Chebyshev inequality

p{lY= )l <e/2) =1 - p{r="() = e/2} — u{-Y="(x) = ¢/2}
> 1 — pu(exp(y Y= — ye/2)) + u(exp(—yY=" —ye/2)), (84)
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where y > 0 is sufficiently small and will be chosen later. We have
u(exp(yY=")) = exp{—ytur(M=") — logdet(1 — y M=)}
= exp{—1tr(2y M= +log(I — 2y M=*))}. (85)
Now note that if 4|y|0 < 1, then

>, (—2y M=%)"
2y M= +log(I —2y M=) = 3" (2rM=)

n=2 n

Recalling that [|M=’|| <6 and [M=’|; < and using the inequality |tr(AB)| <
IAll1]B], it follows that

o0
|tr(2y M= +log(I — 2y M="))| < Y " 12y6]" 2|y |k < 8ky?0.
n=2

Substituting this into (85), we see that, if |y| < (46)~!, then ,u(exp(yYfe)) <
exp(4/cy20). A similar estimate holds for M(exp(—yYfe)). Combining these in-

equalities with (84) and choosing y = ¢, we derive

<6 2 &
p{lY=(x)] < e/2} =1 —2exp(4cy’0 — ye/2) = 1 — 2exp| — )
64k 6
The right-hand side of this inequality can be made greater than zero by choosing
a sufficiently small 6 > 0 which will depend only on « and e. (]

4.7. Proof of Theorem 2.3

The proof of this result is very similar to that of Theorems 2.1 and 2.2, and
we shall only outline the proof.
Part (1) Follows from Holder’s inequality as in the proof of Proposition 2.3 (2).
Part (2) Since 0 € J;", the fact that J;" is an interval follows immediately from the
following property: if a € J,, then fa € J;* for € (0, 1). To prove the analyticity,
note that, by Eq. (45), one has

ottorlodop, — (det(I + DT;))™* )
T det(/ —aD.T;) (D' —a)~1"

This relation implies that the function
1
ery (o) = —% logdet(/ + D1 T,) — 5 logdet(! — aD4T;)

1
_ —%logdet(l + D'2T,DV?) — 5 log det(l «D'*T,DY?)  (86)

is real analytic in o on the open interval defined by the condition / —ozDL/ 2T,D1+/ 50

and takes the value 400 on its complement (where the intersection of the spectrum
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of I —ole/ 2T,D1/ ? with the negative half-line is nonempty). The above inequality
coincides w1th the one defining J;".
Part (3) The fact that J© is an interval follows immediately from its definition. To
prove that J,Jr D (-4, §), note that, in view of Hypothesis (G2), for any ¢, € R
we have

I —aD{’T,D)” = D> (D' —a(D;' = D"')D)* > %

This expression is positive for |a| < 8.

To prove the existence of limit (28) and its analyticity on J*, we repeat the
argument used in the proof of Theorem 2.2 (2). Namely, let us introduce the family
of operators D;" (a) = (Djrl —aT,)"!, which are well defined for o € (—8,8). Then
the following analogue of relation (65) is valid,

w(e o f)

a)(e_“[wr\w)

The argument used in the derivation of (66) gives that

—e,+(ot) / / a)D+(y)(cr_”) dsdy,

while Hypothesis (G2) and the relation e’£D+e’£ = D, valid for r € R imply that

")Dj(a)(f) = for f e L'(X, da)D[Jr(a))‘

-1
—tsL —tsL* - -1 ly|
e "D (y)e ™ = (D (Dt(1 5 - D}, ) =M (1 — T)
Following again the argument in the proof of Theorem 2.2 (2), for o € (—4§,5) we
derive 1 @
er() = lim —e;y () = —/ wp,_ (o) dy. (87)
t—o0 0 Y
Now note that D _ y = 19D v, whence it follows w5 (a) wp,, wp. (0ol) = —wp, (o).

Substituting this into (87) and recalling (67), we see that
e (o) =/ wp, (o)dy =e(n) for o € (-4, d). (88)
0

We have thus established the existence of limit (28) on the interval (—8,8) C J™.
The fact that it exists for any o € J* and defines a real-analytic function can be
proved with the help of Vitali’s theorem (cf. proof of Part (2) of Theorem 2.2).
Finally, relation (29) is established by the same argument as (24).

Parts (4-6) The proofs of the large deviation principle, central limit theorem,
and strong law of large numbers for the time average of the entropy production
functional under the limiting law w, are exactly the same as for w (see Parts (3-5)
of Theorem 2.1), and therefore we will omit them.

Part (7) The fact that the functions e, («) and e(«) coincide on the intersection
JtNJ follows from (88) and their analyticity. The equality of the corresponding
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rate functions on a small interval around w4 (o) is a straightforward consequence
of (88) and the definition of the Legendre transform. O
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In this paper we introduce and study new dissipative dynamics for large interacting systems.
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1. Introduction

The theory of large dissipative systems has a long and growing mathematical
history. Some of the classical literature one could find e.g. in [24] and [37]; see also
references therein. In this paper we focus on dissipative dynamics with noncompact
configuration space and their counterparts in noncommutative algebras.

A construction of Markov semigroups on the space of continuous functions
with an infinite-dimensional underlying space well suited to study strong ergodicity
problems can be found in [S1] in case of fully elliptic generators. More recently it
was extended to subelliptic situation in [16, 31] and Lévy type generators [35]. An
interesting approach via stochastic differential equations one can find in [15] and
some recent extension to subelliptic generators in [50] (see also [3, 4] and references
therein). Another approach via Dirichlet forms theory which is well adapted to L,
theory, can be found e.g. in [1, 45] and reference therein.

For symmetric semigroups, after a recent progress in proving the log-Sobolev
inequality for infinite-dimensional Hormander type generators £ symmetric in Lp(u)
defined with a suitable nonproduct measure wu ([25-28, 32, 43]), one can expect
an extension of the established strategy [51] for proving strong pointwise ergodicity
for the corresponding Markov semigroups P, = e'“ (respectively in the uniform
norm in case of the compact spaces as in [24] and references therein). One could
obtain more results in this direction, including configuration spaces given by infinite
products of general noncompact nilpotent Lie groups other than Heisenberg type
groups, by conquering a (finite-dimensional) problem of sub-Laplacian bounds (of
the corresponding control distance) which for a moment remains still very hard.

The ergodicity theory in case when an invariant measure is not given in advance,
in noncompact subelliptic setup is an interesting and challenging problem which was
initially studied in [16] and was extended in new directions in [31] developing further

[377]
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strategy based on generalised gradient bounds. We remark that in fully elliptic case
a strategy based on classical Bakry—Emery arguments involving restricted class of
interactions can be achieved. In case of the stochastic strategy of [15], the convexity
assumption enters via dissipativity condition in a suitable Hilbert space and does
not improve the former one as far as ergodicity is concerned; (on the other hand
it allows to study a number of stochastically natural models). In subelliptic setup
involving subgradient this strategy faces serious obstacles, see e.g. comments in [6].

In noncommutative setup the development of mathematical description of infinite
dissipative systems is much less developed. Some description of infinite-dimensional
dissipative dynamics of jump type which are not symmetric with respect to a
given Gibbs state as well as some results on theirs ergodicity can be found in
[54]; see also references therein and [14, 23, 38] on constructions associated to
classical Gibbs states (where interaction potential is classical). In [40] a construc-
tion and ergodicity results were provided for an interesting class where generator
of jumps part corresponds to a classical potential, but additionally the generator
contains a conservative part corresponding to a different possibly nonclassical po-
tential. In general, for an infinite-dimensional system still no construction of jump
type dynamics exists which would be symmetric for a Gibbs state associated to
a generic nonclassical potential. Some interesting general constructions, based on
application of Dirichlet form theory [13], are provided in [14, 44] (see also references
therein).

A study of diffusion type dynamics providing a construction and ergodicity results
were given in [34], including generators associated to a family of noncommuting
fields, but not a priori symmetric with respect to an L, scalar product associated
to a given state.

Another recent examples of dissipative dynamics for infinite boson systems can
be found in [7, 41].

One of the important techniques developed to study ergodicity of dissipative
dynamics of infinite classical interacting systems is based on use of hypercontractivity
property or its infinitesimal form encoded in log—Sobolev inequality ([24] and
references therein). A noncommutative basis for such theory was introduced in
[42]. Since then, in noncommutative setup some progress was achieved in studying
certain directions ([2, 9, 11, 12]) with interesting new results emerging in connection
to quantum information theory ([29, 30]). Still many important technical aspects
necessary to effective implementation of the theory remain elusive in noncommutative
world. (This includes e.g. the product and perturbation properties of log—Sobolev
inequality.)

In Sections 2 and 3, we study finite- and infinite-dimensional systems for which
we construct dissipative dynamics described by Dunkl type generators and provide
certain basic ergodicity results. In Section 4 we give an example of such dissipative
dynamics in noncommutative setup. In Section 5 we discuss some nonlinear classical
dissipative dynamics and theirs noncommutative counterparts. In Appendix we provide
some discussion of monotone convergence in noncommutative IL, spaces.
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2. Dunkl type Markov generators and semigroups

In this section we discuss linear dissipative dynamics associated to Markov
generators of the following form
L= L

ieR
defined on a dense domain of the space of bounded continuous functions C(£2) on a
product space Q2 = X;cr€2; with ©; ~ Qp is a smooth manifold of finite dimension
n, where the indices i form a countable, possibly infinite, set R, and
Li=T;~pi-T;
with T; =V, + A;, where V; denotes the gradient operator and

(Aif) = —(f — foou)
Xi,l

with 0;,;00;; =1id, o;;(x;;) = —x;;, [ = 1,...,n, are both acting on i-th coordi-
nate, while B;’s are dependent possibly on many coordinates and are continuously
differentiable. First of all we notice that we have

1 1 1
T, (f)= i(ﬁiﬁ —2fLif) = IVif I + ﬂmif)z — B - 5<Al~f2 —2fAi f).

We note that, unlike as in the diffusion case, the first-order term gives a nontrivial
contribution. Since for A type component we have

2 _ K 2 2
A f"=2fAuf = x_-,((f — fToo0i) =2f(f — fooin)

K Xil
=——(f = foo) =—"=(Auf),

Xil K
so we get

1
Ie(f) = Z(|Vz‘f|2 +> 2_1{1(1 + Bii 'xi,l)(Ai,lf)2>
i

1

which is nonnegative if for all i,/ we have
L+ Bis-xip = 0.
Next we note that at a minimum point @& for which components are outside reflection
set, we have - -
fooii(w) — f(®)
—Bii - A f = +Bis - xiiki > :

Xil

Thus, assuming V;;x;; = 1, we have

(T, — BT f = (@),

2 - 2K1 ~ K| ~ ~ ~
Vi f(@)+ Evi,lf(w) + x—z(f 00 1(w) — f(@) — Bii- Viif(®)
i i

+Bis -xi,,;—z%fooi,z(a)) — (@) = V2 f(@)+ ;—z’a FBisxi)(f oo (@) — F(@)) = 0
il il
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under the same condition for the coefficients as before. Using suitable limiting
procedure, one obtains similar result if any component of the minimum point
belongs to the reflection invariant set.

Hence we get the following condition for £ being a Markov generator.

THEOREM 1. Suppose for all i,]l we have

L+ Bixiy = 0.
Then
Ie(f) =0
and L satisfies the minimum principle, i.e. at a minimum point ® € L,
(LH(@) = 0.

REMARK 1. Note that positivity of canonical quadratic form implies minimum
principle for functions f for which (f —min f)!/? is in the domain of the generator.

EXAMPLE 1. Suppose © = R”® and
K
Aif=——foo)
w;j
with ¥« > 0 and o;(w); = (—1)55/a)j. Suppose

Bi = aypio] T + Z an@" + Mw; + Z bo 1_[ s (@),

m=2,...2n 0:053i keO

where ax,11 > 0, a, € R, n > 1, and bp € R*, with finite sets O, and
sup; ZO:Oaj |bo| < 00, where ¢(X) = XXxe[—1,4+1] + Xxe[+1,00] — Xxe(—oo,—1] and
with M > 0. Then conditions of the above theorem are satisfied provided the
coefficients a,,, m = 2, .., 2n, are sufficiently small in absolute value. (It should be
clear that one can add to such Bs a sufficiently small continuous bounded functions

without harming the conditions of the theorem.)

Since £ is densely defined and vanishes on constants, it is a Markov (pre-)
generator. Thus one can expect that the corresponding semigroup P; = ¢’ can be
well-defined Cyp-Markov semigroup on the space of bounded (uniformly-)continuous
functions. If the dimension of the space is finite this is fine; in infinite dimensions
this requires more arguments which will be discussed later.

3. Generalised gradient bounds

Given a Markov semigroup introduced in the previous section and assuming that
it provides some mild smoothing properties, it would be interesting to consider
a problem when the following generalised gradient type bounds can be satisfied

C(Pf)? < Ce ™ PT(f),

where ' is a quadratic form involving first-order operators, C € RT,m € R and
q € [%, 1] are constants independent of f and ¢ € R*. In particular, one could
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ask this question for the canonical I" form associated to the Markov generator or
a form |Tf|> =), |T; f|>. Similar bounds involving differential operators may have
a variety of applications including ergodicity theory (cf. [16]) or certain smoothing
properties of the semigroup (see e.g. [5, 6, 17, 27, 36] and references therein).
Even in the case of diffusion operators in finite dimensions it is a hard problem
for which a relatively satisfactory solution currently only exists in case of (products

of) Heisenberg type groups; for g = % the other groups constitute a formidable

challenge. Therefore one can expect that our case is even more challenging. Thus,
to gain at least some intuition, we discuss here a simplified situations starting from
a case of single field and one reflection.

With a function n such that noo = —n and Xn = ¢, for some constant
e € (0,00), we set

Aa(f)EA(f)E#, T=X+A

and
L=T?— T, B > 0.
Then one has
(Tfyoo =-T(f oo0), (Lf)oo =L(f oo).
Now for f; = P;f, we have
Oy Py |Tf|* = Py (—LIT/; +2Tf, - TLf,)
= P (=20(Tfs) + 2T f, - [T, L1fs) < P—s QT fs - [T, L1f)

with use of 5
=20 (Tfs) = =LITf|" + 2T f; - LT f; < 0.

Next note that
[T, Llg =I[T,T*— pnTlg = —PIT, nlTg = —B(eTg +2(Tg) 0 o).

Thus
W P|Tf|> < —2BP_(Tfs - (eTf; +2(Tf;) 0 0)). (D

Repeating our computation for f;oo = (P f) oo,
W P—s((Tf)P 00) = P_y(=LATf;I* 00) + 2(Tf) o0 (TLf;) 0 0)
=P _(2I((Tfs) o0) +2(Tf;) oo ((TLfs) oo — L(Tf; 00)))
= P,_s(=2T((Tf;) 0 0) + 2(Tf,) o o ([T, L1f;) 0 7))
< =2BP,_(Tf,) o0 - ATfy) + &(Tf;) 00))). )
Adding (1) and (2), we obtain
W P—s (TP +(Tf)IPo0) < =22+ &)BP—s((Tf)I + (T f)I? 0 0).
Integrating this differential inequality, yields
TP+ TP oo) < e 2HOBP(TFI>+|Tf? 00).
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Next, (although there is no doubt that what follows below can be done for general
case of classical (finite) Coxeter groups of Dunkl theory), to focus our attention
we consider the case of products of real lines each with a single natural reflection.
That is we consider

Tif=Ni+A)f
with V; denoting partial derivative with respect to i-th coordinate and
f—foo

Wi

Aif =«

with a reflection defined by
(oiw); = (—1)5’70)]-.
In this setup we note the following relation, in which we set f; = Psf,
Oy Pis|Ti i = Pi—s(=LIT; f? + 2T; s - TLf)
= P (=20(Ti f5) + 2T f5 - (T3, L1 )
< PQT fs - T3, L1f)
where in the last step we have used the fact that
—20(T; f) = —LIT fil? + 2T fs - LTi 5 < 0.

We remark that in the current setup where all directions in the tangent space are
represented in the generator, we can afford to disregard otherwise vital nonpositive
term —2I'(T; f;). Next we note that, by our current assumption

[T;, £i1g = T;, T} — B;Tj1g = —IT;, Bj1Tj¢
=—(ViB)T;g — Ai(B;)(T;g) oo;.
Combining this with our previous bounds, we obtain the relation
0 Ps| T fi? < =2Ps (ViP)IT: f5?) = 2P—s (Ai(BO T, fs - (T ) 0 0)
—2) P (VBT fs - Ty fy)
J#
=2 P (AT fs - (T fy) 0 01) .
J#
As compared to a conventional situation, where reflections are not in the game, we
have now got a trouble in the form of terms containing reflected factors. In case
when B; = Y, Grwr +1n; with G; > 0 and G sufficiently small, and 7, are

sufficiently small cylinder functions, at this point we could use quadratic inequality
to separate terms containing |7; f;|> and get the following bound,

WPy |T; fs17 < =20 P |T; £, + Pi—y (A (B)IT; f; 0 0i])

+ Y P (VBT A7) + D P (1ABHIIT; £5) 0 03)
J# Jj#i
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with a constant
. 1 1
@< n;f(viﬁi —5 2 IViBil =5 ) |A,~<ﬁj)|).
J#i J
Solving this inequality with respect to P,_|T; f,|?, after integration with respect to
s € [0, ¢] and using supremum bounds for the coefficients, we arrive at

t
T2 < e BT, P + ||Ai<ﬁi>||oof dse= I p,_|T f, o 02
0

t
+ ) 1A B llo f dse™ " P,_(|(T} f;) o i .
J#i 0
At this stage, if P, is a Markov semigroup, one can pass to the following supremum
bounds,

t
ITi fill% < e ™I T fII% + ||Ai<ﬂi>||oo/ dse™ " INT; fi)l5
0

t
+ ) 1Bl / dse™ "IN, fil1%,.
J#i 0
This relation allows us to show existence of a semigroup in infinite dimensions as
well as uniform ergodicity in sup norm if additionally o > 0 ([16, 52]).

Unbounded drifts

In what follows we would like to improve on that above by allowing nonlinear
unbounded drifts B;’s as well as getting suitable pointwise bounds. To this end
we will keep on an assumption that symmetric parts (8; + B; o 0;) are zero or
sufficiently small. Now we propose to consider simultaneously reflected terms, as
follows,

O Pr_y|T; fy 0 07> = P_y(—LIT; fy 0 0i|> + 2T; f;) 0 07 - (L) 0 0y)
= Pi_(=2I(T; fy001)+2(T; fy) o0; - ([T;, L] fs) o0
+2(T; f5)00; - ((LT; f5) 00; — L(T; fs007)))
= P, (=20I(T; fs00:) +2(T; fs) 00 - {(—= (Vi B)T; fs — Ai (Bi)(T; fs) 00i) 00 })
+Z2Pt—s((Tifx)OGi‘{(_(Viﬂj)ijs_Ai(/gj)(ijr)oai)OGi})
J#
+Pz—s2((Tifs)00i'((,3[+,3iOUi)Ti((Tifs)OUi)+Z(,3j+,3jOGi)Tj((Tifs)OUi)>)-
J#
Since, with some constant C € (0, o0), one has

|Tigl> < CTi(g),
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as long as y =sup; ) ilB;+Bjo oi||%, < oo, with the use of quadratic inequality
we see that

— 2I(T; fs 0 01)

+ 2(<T,-m 00 - ((ﬁ,- + B 0 o) T((Ti fy) 0 00) + D (B + Bj 0 o) T;(Ti ) o m)))
J#
sgﬂnﬂomﬁ

This allows us to get

C
asPt—s|Tifs o Gi|2 = _2P[—S (((Vtﬂt) c0; — ZV) |Tlfs o Gi|2>

— 2P _((Ai(Bi) 0 0i)(T; fs) 0 0; - (Ti f))

—23 P (T f) o0 - {(((ViB)) 0 o) (T £2) 0 07 + Ai(B)) 0 0:(T; ) }) -
J#
This together with similar bound for o, P;_s(T; f;) obtained before, yields

P (T f5I* + |Ti fs 0 0:1%)
C
< 2P (Vi BOIT; fI*) — 2P, (((W) 00; — ZV> |T; f o o,-|2)

= 2P 5 ((Ai(Bi) + Ai(Bi) o o) T, fs - (T fs) 0 07)
=2 P (VBT fs - Tifs) =2 P (AdB)T s (T} fy) 0 03)

J#i Jj#i

—2) P ((ViBp) o oi)(Ti fy) 001 - (T} f) 0 03)
J#l

—2) P (Ai(B)) o 0oi(Ti f) o 01 - (T; f2)) -
J#l

We can simplify that by using the quadratic inequality to have

Py (T fs)* +1Ti fy 0 0i|*) < —2M P,y (IT; f;|* + |T; fs 0 011

+ ) v P (T £ + (T f) 0 0il)
J#i
provided that
1 1 C
(Vifi) + (Vif) o oi = SAi(B) + AiB) ooil = 5 ) vij— v = M
J#

and where we set
Vii = IViBjlloo + I1Ai (Bj) loo-
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Now we are in much better shape than before. This is because the first condition
allows for B; other than linear, for example including

Bi = f12n+1w,»2"4rl + Z alw,l- + Mw; + Z Gy + Z bo l_[ s (),
1=2,.2n [ 0:05i keO

where az,.1 > 0, n > 1, and a;, bp € R, with finite sets O, and sup; 20:09/. bo| <

00, where ¢(X) = XXxe[—1.4+1] + Xxe[+1.00] — Xxe(—oo,—1] and finally with M > 0.
Thus, for such drift coefficients f;, integration with respect to s of our differential
inequality yields the following,

T fil? +1T fiooil* < e M P (T fIP + T3 f 0 0il)
t
+ 3y [ dse MO RT P 4 T ) o i)
J#i 0
From this we get the the following bound as a simple implication.

LEMMA 1.

t
1T fillZ < 2e 2T f 12, + ) 2 f dse”MINT; f12,-

J#i 0
With this inequality, via standard arguments, see e.g. [16, 49, 51] and references
therein, one obtains finite speed of propagation of information which allows to
show the existence of the semigroup in infinite dimensions and, under additional
assumptions, existence of invariant measure and strong ergodicity. That is one has

the following result.

THEOREM 2. Suppose M, y;; € R with y;; > 0 and sup; ), yij < co. Then the
Markov semigroup P, is well defined in infinite dimensions. Moreover, if M > 0
and sup; ) j vij > 0 is sufficiently small, then there exists m € (0, 00) such that

ITAIZ <2e” > TFI%
with
ITglZ, =Y ITigl.

In this case there exists a unique measure |\ with finite moments such that

II.f2 —/fdMII2 < e C(ITfloo)

for any cylinder function f with bounded ||T; f ||go with some constant C(||Tf ) €
(0, 0o) independent of t € (0, 00).

Now we get back to our symmetrised with respect to o; inequality in our
claim and notice that, at least when our Coxeter group generated by reflections is
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finite, one could consider full symmetrisation to get after resummation the following
Gronwal type inequality

A t A
1T filldox < € M PAT fllgox + Y Pij / dse M P_(IT fo1Zo
J#i 0

ITgleox =Y Y ITigocl

i ceCox

with

A simple application of this yields the following bound.
CLAIM. With some m € R,
IT fillEon < €™ PAlIT f Iox-

One may expect that similar bound could be possible for square of a seminorm
in which we sum over i and composition with ¢ is replaced by projections (on
subspaces obtained via symmetrisation subordinated to Cox). One may hope that the
last could possibly survive also in the case when the Coxeter group is infinite (at
least on some smaller class of functions which are sufficiently quickly decreasing
to zero with the size of ¢ € Cox). This is for a moment an interesting, challenging
and widely open problem.

REMARK 2. A theory of dissipative semigroups generated by Dunkl type operators
associated to noncommutative groups was recently developed in [52] and [53].

4. Quantum Dunkl type generators

In this section we provide a description of linear dissipative semigroup with
Dunkl type generators in a noncommutative algebra A. While the principal objective
here is to provide a new noncommutative model, one could also potentially hope
for a possible application of such models to quantum information theory.

Let 0; € A, j € Z, be such that o']’-" =0, crjz =1 and {0}, oy} = 0. Define maps

A> f — 6,k(f) = ijak e A

Then we have

Gik =1 and G;i(fg) =6 (fHGu(g) =6;;(f)Gi(g).
Define

AL =ip(f —Su(f)  and AR = (f — Sa(Mip
with &j(kjx) = —«jx and Sy (kKjx) = —Kjx . Then we have

AL AL () = AL G (f = S ()

=Kk (f — G () — G jlicjn(f — G jx(f)))).
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Since
Sk (f — G () = —k (G i (f) — Gﬁk(f)) = —kjp(Sx(f)— 1)
=k (f — Gk (f))
we obtain
AL (AL () =0.
Similarly we have
AR AR () =0.
We also note that
Afk(AJL-k(f)) = Afk (ke (f — Sk (f)))
= (ki (f = Gk (f) = Gk jx(f — Sk (fIK jx
= (kjx(f =G (f) — Wi (f —Gx(fNNkjx =0

and similarly
AL (AR () =0.

Next consider a derivation &;(f) = [o7, f], which satisfies
(S[(O'j) = 20’10’j(1 — 5[/')-
Then, for [ # j, k, we have
851G k() = 8i(aj for) = 81(0;) for + ;8 (fox + o f&(on)
= —20'j01f0'k + O'j51(f)0'k + g; fZO'IO'k = —aj(Sl(f)ak
= =6 (&(f)).

That is & is a reflection in the sense of [52, 53] (in the direction of “tangent
vector” §;). Using this we can introduce the following generalised derivations,

Tf=Vf+Al)
with components T; =V, + A; , [ € Z, defined by V, =6, and
A = AL + A%
We define an operator
Lif =T f =@ +8A+A8)f =Lof +{Vi. A} f

and its associated quadratic form

1
L, (f) = E(Cz(f*f) = Li(fO = L))

Note that
T, (f) = =GN 6 (f) + Tispap (f)
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where
iy () = 560 BAG ) — 61 BN — 180 ()
=L any () + T aky (-
Since, using reflection property (S ;i(f)) = —6 ;i (8;(f)), we have
{81, AFY(S) = 2681 f) + 81l i) (f — &k (f))

SO
1
58, ALY ) = (80, APY f = 58 AT = 2l i, f181(F)

1
+3 (G (F* f =S (f* 1)) = 81cji) (f* =S (f) f = [ 81ej) (f = S (f))) -

The second part on the right-hand side can be represented as

(BiGei) (f*f = Sl f* ) = 8ilcji) (f* = Sj(f) f = [ 81cji) (f — S jx(f)))

N =

1
= _§5I(Kjk)(f* =G (f)) - (f —6Gi(f)

1
+ ZSJ(Kjk)(ij(f*)(ij(f) — G () + (G ju(f) = &;;(f* NG (f))

1
+ 5([5Z(Kjk)’ I =G ().
In particular, we see that for a special case j =k, we obtain

(1) f =S (f* ) = 8ikji) (F* =S ju(fH) f— [ 8kj)(f — S jx())

N =

1 1
= _EBI(ij)(f -G (M- (f =6+ 5([51(ij), S =6,
and hence we have

1
Ly by (F) = =20y FD'8(F) = 58166,)(f = S 5(FN" - (f = S45()

1
+ 5([51(ij), I =65(0).
Similarly, we have

P inf (F) = 28 (f )R, f]
1
+5 ((F7f = Su(Fm &R0 = (£ = Sju (£7) 8@ f = £7(f = S fNaR0)
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and
S (= S P — (7 = S5 (F)) 5@ f — F*(F ~ S (s @sn)
= S = SN ~ Sa(NME0)
1 (SRS — Sl + (G4 — 6,(7) S () 81(&0)
1

+ = (f" = G (f N &jr), f1.

o

Again, for j =k # [, we can simplify this expression as

(=G (fFNG®R) — (f* =S () 8i®) [ — f*(f = Sju(fN&n))

| =

= —%((f* =&, (f N = &5(HMdik;)) + %(f* = & (fNéi&;p), f1.
Hence we get
Pisam () = =261 1K, 1 %(f =&, (f = 6,;(/N3i k)
+ %(f* =6, (f N8, f1.
Assuming
kjj =«o; and kjj =Koy,
combining our calculations we arrive at

T, (f) == =2« = 2) &) (f)

which is nonpositive provided 2« + 2k < 1. Thus an operator
Lf=Tf=) Tif
I

is Markovian. We remark that in general the operators T; may not commute (and
thus we are in general setup of [53]).

5. On nonlinear dissipative dynamics

To begin we mention first that in [48] an interesting nonlinear dissipative dynamics
of jump type was introduced and studied for infinite interacting systems of classical
spins on a lattice. The generator of this dynamics is formally given by

Lf=) @ -D(f

1ezd
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where
1
E f= Elog Exyef!

with Ey,; denotes a conditional expectation given a configuration of the system
in Z?\ {X +1} associated to a Gibbs measure and 8 € R\ {0}. (The elementary
operator in the sum can be understood as a Glauber type generator corrected by
the relative entropy part.) One can show that the corresponding semigroup P, = e~
preserves unit and positivity and it was demonstrated there that, under suitable
mixing condition, the corresponding dynamics is exponentially ergodic [48]. Without
getting into more detail, a more extensive description can be found in [55], such
kind of dynamics could prove to be interesting in relation to certain optimization
problems, see also a work [39] for some other application of nonlinear averages to
economy.

A desire to construct and understand nonlinear noncommutative dissipative dy-
namics led to the paper [33] where in particular the following result was proved.
For E;,i =1, ...,n, being linear, positive and unital operators on a C* algebra A,
we define £: D(F) — A,

Lx) = Xn:ai log E; (e*) — x,
i=1
with
D(F)=AuNKGx,)={yedA:lx—yll<r}, r>0,
and o; > 0,) " o = 1. Note that £ — (¢" — 1)] is strictly dissipative because
| log Ei(e*?) —log Ei(e™)]| < " [lxa — x1],
and so,
Yo € J(x, — x1) = (tangent functionals at x; — x;),

Rp, F(x2) — F(x) = ) a;R(p, log Ei(e2) — log E;(e™)) — |lx2 — x|
i=1

< Y ailllog Ei(e™) — log Ei(e™)|| — [lx2 — x1]]
i=1
< = Dlxs—xl.

Moreover, one-point dissipativity also holds

Vx € D(F)\{0}¥yp € J(x),

Rip, F0) = Y aifip. log Eie") — x| < Y eyl log Ei(e") — [lx]| < 0.
i=1

i=1

Hence we have the following result (see [33] for details).
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THEOREM 3. The operator
L(x) = Zai log E;(e*) — x,
i=1

generates a Lipschitz semigroup S; : D(F) — D(F) which is contractive and
preserves unit and positivity, i.e. (S;);>0 IS a conservative Markov semigroup.

It is a challenging problem to obtain an infinite-dimensional extension of this
result and ergodicity theory for the corresponding semigroup.

REMARK 3. It is also an interesting open question, if it could be possible
to extend a classical nonlinear annealing algorithm of [55] to study a challenging
problem of determining ground states for large interacting quantum systems.

A theory of nonlinear dissipation for infinite-dimensional interacting systems has
been developed over time in [18, 21] and recently in [19]. In particular in the last
work we have used log-Sobolev inequality to provide a solution of reaction-diffusion
(R-D) type problem when, first of all the underlying space is infinite-dimensional
and secondly, when one can have different type of mixing. That is we have studied

a system
q

q
ou; = Liu; + (B —a,»)(kl_[uj’ —ll—[ufj),
=1

j=1

where i =1,...,q9; o;, B € R", Bi # o;; and L, an operator which models how
the i-th substance diffuses, with a key assumption being that these generators satisfy
the log-Sobolev inequality
2 P
p| f~log W2 =cn(f(=Lif))
with a given probability measure p and a constant ¢; € (0, 00) independent of
a function f.

This inequality played in the past an essential role in the development of
ergodicity theory for infinite spin systems on a lattice, see e.g. [24, 47], and it is
expected that it will be similar in the discussed case of R-D systems [20].

As we mentioned in Introduction, a general theory for the log-Sobolev inequal-
ity and associated hypercontractivity property for corresponding linear dissipative
semigroups in noncommutative algebras was introduced and initially studied in [42].
In general there is still a number of elements well known for classical case, but
hard to get in the noncommutative case. One of them, the equivalence of the
log-Sobolev inequality to Sobolev—Orlicz type inequalites (as introduced in [8]),
was recently obtained in [2], but still there are many other (including perturbation
and product property) awaiting to be understood. One of the possibly promising
direction of the progress should be the one including the systems with classical
potentials for which jump type dynamics can be well defined for the infinite system.
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In this case one can expect that for any local observable f we have the following
limit
lim E;, ... E; f=ow(f),

n—oo

where E; denotes a completely positive map given by a generalised conditional
expectation which is symmetric in I, ;/,(w) space, with suitable sequence (ix)ren
“going infinitely many times through each site of a lattice” in the sense of [51].
(In Appendix we discuss briefly some matters related to this and other type of
limits involving generalised conditional expectation given by completely positive

map.)

Appendix. Towards the martingale convergence theorem in noncommutative I,
spaces

At this point it is interesting to notice the joint monotonicity inequalities for
L, 1/2(w) norms obtained in [2], with w = Tr(p-) = Tr(P~!) where P = P* > 0
with Tr P~! = 1.

THEOREM 4. Va € [0, 1], Vr =2n, n € N,

Trlp(P)~ = p(Hp(P) ™" < Te | PTU= fP7I" = | fllp-i g

where ¢ is a completely positive mapping.
Let

(f.8)pa =Te(P~U70 f* P 0g) = Te((P~*2 f PTUT02) " (P7e2g p=UI70/2))

and
EX,a(f) = TrX()/;;,a,LfyX,a,R)
with | L
Vxar =P Ty PP =5 )
Then we have

(Ex.a(f): Ex.a(@))Ey o(Pra = TH(Exo(P) """ Ex o (f)*Ex.a(P) Ex.4(8))
with
Exo(P) =Trx((Trx P~H)™) P~* PP~ (Try P~1)~(17%)
=Trx((Trx P~H™ ) = (Trxy P~H7L

In particular, for « = 5, we have Ex,(-) is a completely positive map.

1
2’
The product case

We consider first a product state given by

PE®Z=]P]M
where P, = Px, € Axk, k = 1,...,n, are commuting positive matrices Ss.t.
Trx, P, =1, and for n > j € N set P-j = ®_ Ik ®_;, P and P», = 1.
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Then, we have
J
[[Expa(P) = Ezju(P) = P-;.
k=1

In the current situation
ka,o[,R = P—(l—a)(Ter P—l)—(l—(x) — P;k(lfa)’
Ex o(f) = Ter(P;kafP;k(l_a)) — Trxk(ng] .
1

In a special case o = 5, we will omit the index « writing Ex, (f) = Ex,.12(f)
and || fll, = I flli/2,-- The monotonicity result above, yields

”Ezj(f)”EZj(P)—l,r = ||EXj Ezj—l(f)”EXjEZj,](P)—l,r
< ||Ezj—l(f)||EZj71(P)—l,r~

For j =n, we have
”Ezn(f)”Ez,,(P)*l,r = ”Ezn(f)nl,r

and

E-o(f) =Te(P~' ) = w(f).

Naturally this can be generalised to infinite product states with the claim that
lim | E= (P e.;py-1r = [0 ()]
j—o00 =

for any local observable f.
Next consider a family of completely positive operator of the form

Ex(f) =Trx(yx fvx), X CCR

which are symmetric in [y(w) = L, 1 (w) and unital. Let us assume that there
°2

exists a commutative subalgebra A. such that y, € A. and Ex(A.) € A.. Suppose
a family {Ex}xem,, for some countable Ry C R, is ergodic in the sense that

Ve A, lim Ex, ... Ex,(f) = o(f) 3)

and Vg € Ay , with a dense subalgebra Ay C A, dn e N, Ey, ... Ex,(g) € A.NA,.
Then, for f = Ex,, ... Ex,(g) € Ac N Ay given by g € Ay with some m € N, we
have

nlir{:o EX,, e Exl(f) = a)(f) = CU(EXm e EXl(g)) = <]1, EXm e EXl(g)>2,a)-
Since by our assumption Ey are symmetric and unital, by induction we get

<EXm (H)a EXm_l cee EX] (g)>2,a) = (Il-v EXm_l KR EX[ (g)>2,a) = <H’ g>2,w = C()(g)

In particular, this idea can be used for a system with classical interaction, i.e. when
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for f e Ay,

with

and

o(f) = lim Tr(e YA )/ Tr(e™Un)

Un= ) @x. and dx e A NAy with sup Y [Dylla < oo;
XNA#D i€ xR, Xoi

one is given a family

{Trx : X CR, X[ < 00| Tr(Trx (f)) = Tr(f), Trx Trx(f) = Trx (f), Trx(D) = 1}.

When restricted to A, the corresponding structure reduces to the one known in the
classical Gibbs measure theory. In particular all Ex act as the classical conditional
expectations and one can formulate for them conditions which assure that the
ergodicity (3) holds (cf. [24]).

In similar spirit one can also discuss more general sequences (Ep, : Ay C Apy1).

[¢]
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In this paper we provide a basic introduction to the topic of quantum non-Markovian
evolution presenting both time-local and memory kernel approach to the evolution of open
quantum systems. We start with the standard notion of a classical Markovian stochastic process
and generalize it to classical Markovian stochastic evolution which in turn becomes a starting
point of the quantum setting. Our approach is based on the notion of P-divisible, CP-divisible
maps and their refinements to k-divisible maps. Basic methods enabling one to detect non-
Markovianity of the quantum evolution are also presented. Our analysis is illustrated by several
simple examples.

Keywords: open quantum systems, Markovian semigroups, non-Markovian evolution.

1. Introduction

Isolated quantum systems are governed by the celebrated Schrodinger equation.
This, however, is rarely encountered in nature, as one is never able to perfectly
shield the system of interest from all kinds of interactions with the external world,
e.g. thermal photons, cosmic radiation, solar neutrinos or even quantum vacuum
[1-5]. Moreover, inclusion of the environment leads to several new phenomena like
decoherence, dissipation and the Lamb shift of energy levels, which are of exceptional
importance in many fields of science. The usual approach to the dynamics of an open
quantum system consists of applying the Born—Markov approximation [1, 2, 6], which
leads to a local master equation for the Markovian semigroup [7, 8]. However, recent
technological progress and modern laboratory techniques call for a more refined
approach which takes into account memory effects completely neglected in the descrip-
tion based on Markovian semigroups. There are several approaches to the so-called
non-Markovian evolution (see the recent reviews [9, 10], a collection of articles [11],
and a recent comparative analysis [12]). In recent years the issue of non-Markovianity
in quantum mechanics has observed an increasing attention — there are more than
400 papers published recently on the arXiv having non-Markovianity in the title.

In this paper we analyze basic mathematical properties of quantum evolution of
open quantum systems. The structure of this paper is the following. In Section 2

[399]
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we briefly recall the notion of classical Markovian stochastic process and introduce
Markovian stochastic evolution represented by the so-called P-divisible classical dy-
namical map (a family of stochastic matrices). We discuss both time-local description
and nonlocal one governed by the corresponding memory kernel. This provides the
starting point for the analysis of the quantum setting in Section 3, where the concept
of quantum Markovian evolution is represented by the so-called CP-divisible maps.
Interestingly, there is possibility to introduce a whole hierarchy of k-divisibilities
which characterize how much the quantum evolution departs from the Markovian
one. Section 4 provides simple methods which enable one to detect whether the
corresponding evolution is non-Markovian. These methods basically use monotonicity
property of well-known quantities under Markovian evolution. Hence, any violation
of monotonicity witnesses non-Markovianity of the corresponding evolution. Finally,
Section 5 discusses nonlocal approach governed by the quantum memory kernel. We
provide an analogue of the well-known Bernstein theorem replacing positive functions
by completely positive maps. The whole discussion is illustrated by a family of
simple and instructive examples.

2. Classical setting

The concept of Markovian evolution was originally introduced on the
level of classical stochastic processes. Let us recall that a stochastic process
{X; | t € T} is fully determined by the family of joint probability distributions
DXy tys Xn—1, tu—15 .. .3 X0, t9) [13—15]. The process {X; | t € T} is called Markovian
(or memoryless) if and only if the family of conditional probability distributions
PXn, byl Xu—1, th—1; . . .5 X0, tp) satisfy

P(xn, tn|xn71a fh—15 ... X0, tO) = P(Xn, tn|xnfl’ tnfl) (1)

for all ) < t;, < ... < t,. Quite remarkably, for Markovian processes one can
reconstruct an arbitrary multi-point probability distribution knowing only the initial
state of the system and two-point conditional probabilities

n
PG tai -3 X0, 10) = [ | pCxis tilxim1, tim1) p(x0, o). )

i=1
One has the following well-known theorem.

THEOREM 1. Conditional probabilities of a Markov process satisfy celebrated
Chapman—Kolmogorov equation

pGxs. talxi, ) =Y plxs, t3]x2, ) p(x2, talx1, 1), 3)
X2
Consider now the stochastic evolution of a probability vector p € R”,
p() =T (@)p, “)

where T(t) is a family of stochastic matrices satisfying 7(0) = I, (n x n identity
matrix). Recall, that a matrix T is stochastic if 7;; > 0 and ), T;; = 1. If additionally
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> ;Tij =1 it is called bistochastic or doubly stochastic. One calls a family 7'(r)
a classical dynamical map. In what follows we assume that 7 (¢) satisfies linear
differential equation

%T(t) = LT (1), T(0) =L, &)

with time-local generator L(z), or linear integro-differential

d t
ET(I) = / K@t —1t)T(t)dr, T =1,, (6)
0
with nonlocal memory kernel K (t).

2.1. Time-local approach

The simplest example of time-local description corresponds to Markovian semi-
group T(t) = e!’, where L is time-independent generator.

DEFINITION 1. An n xn real matrix L satisfies Kolmogorov conditions iff L;; > 0
for i 75 j, and Z?:l L,‘j =0.

It is well known [13] that ¢!’ defines a legitimate semigroup of stochatic matrices
if and only if L satisfies Kolmogorov conditions. Note that if 7 (¢) = e, then

T)=T—s)T(s) =:T(ls)T(s),

for any ¢ > s. a natural generalization of the above property is provided by the
definition.

DEFINITION 2. A classical dynamical map 7 (¢) is P-divisible if
T () =T (0|0)T (1)), (7
and T (n|t;) provides a stochastic matrix for an arbitrary choice of #, > t; > 0.

It is clear that for P-divisible evolution a map 7 (#,|#,) is an analog of a conditional
probability for a stochastic process and equation (7) is an analogue of Chapman-—
Kolmogorov equation. Therefore we have the following definition.

DEFINITION 3. A classical stochastic evolution is Markovian if and only if the
corresponding classical dynamical map 7 (¢) is P-divisible.

It should be stressed that the above definition of Markovianity uses only a 2-
point conditional probability T (f,]f;) and hence is much weaker than the original
definition of the Markovian stochastic process (cf. [18]). Note that if the map T (¢)
is invertible, then T(%]t;) = T(t,)T~'(t;). Moreover, the time-local generator L(t)
in (5) reads L(t) := T(t)T~'(¢). One has the following well-known result.

THEOREM 2. A map T(t) satisfying classical master equation (5) is P-divisible
iff the time-local generator L(t) satisfies Kolmogorov conditions for t > 0.
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Introducing m;(¢) := Ly (¢) for i # j one can rewrite (5) as the following Pauli
rate equation

Pr(t) =Y [ (1) pi(t) — () pr(0)], ®)
=1

where my;(t) denotes the rate of transition from [ to k.

EXAMPLE 1. Consider

1 —1 1
L(r)=5y(t>( | _1), ©)

which satisfies Kolmogorov condition iff y(#) > 0. One easily finds for the dynamical

map
T(t)=e "I+ (1—e "], (10)

where I'(f) = foty(u)du and Jy = % It is clear that 7 (¢r) provides a legitimate
dynamical map iff ['(f) > 0 and it is P-divisible (i.e. Markovian) iff y(¢) > 0. This
simple example shows that y(¢#) needs not be positive for all ¢+ and hence cannot
be interpreted as a transition rate between two states.

EXAMPLE 2. The above example may be generalized as follows: consider
a stochastic n x n matrix P such that P> = P and define

L) =yOIP — L] (1D
One finds for the corresponding map
T =e¢ "L, +(1—e P, (12)

which is stochastic if I'(¢) > 0.

For x € R" one defines the family of £, norms

n 1/p
x|, = (Z |xk|f’) : (13)
k=1

for p > 1. A stochastic matrix satisfies
NTx| < [Ix]]1, (14)
that is, it is a contraction in ¢; norm. Hence, defining the Kolmogorov distance
between two probability vectors p; and p»
1
Dipi1, p2] := §||P1 — P2l (15)
one has for any stochastic matrix T

D[Tp;, Tp:2] < D[p1, p2l. (16)

Following [19] this property may be used as the following definition of Markovian
evolution.
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DEFINITION 4 ([19]). Dynamical map T (t) is Markovian iff

d
2 P @Op1, T(1H)pal =0 A7)

for all pairs of probability vectors pi, pz.

Actually, P-divisibility implies (17) but the converse in general is not true [9].
One proves [9] the following theorem.

THEOREM 3. An invertible map T(t) is P-divisible if and only if
d
—||T (¢ <0 18
dt” (Ox||y < (18)
for all vectors x € R".

Note that in (18) one has x = p; — p, which implies that ), x; = 0.

EXAMPLE 3. Consider T(¢t) defined in (10). Taking x = (1, —1)7 one finds
|IT()x|]; = 2¢~"® and hence condition (18) is satisfied if and only if y(z) > 0.
For this simple example both definitions of Markovianity coincide.

2.2. Nonlocal master equation

Consider now the master equation for 7'(¢) which is nonlocal in time

iT(t) = / K(t — )T (r)dr, T0) =1,, (19)
dt 0

where the so-called memory kernel K(t) encodes all dynamical features of the
system. Performing the Laplace transform

o - fb):i/ Foe ', 20)

0

one finds 1
f = —. 21
©= % @1

PROBLEM 1. There is_a natural question: what are the properties of K (s) which
guarantee that inverting T (s) — T (t) one obtains a legitimate dynamical map T (t)
in the time domain?

Interestingly, this problem is related to a class of the so-called completely
monotone functions [16].

DEFINITION 5. A function f: R, — R is called completely monotone (CM)
iff it satisfies

w0, (22)

(—1)”dx

for n=0, 1, 2,....
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THEOREM 4 (Bernstein). A function f: Ry — R is CM iff

f(s)= /O g(ne *dt, (23)

for s >0 with g(t) >0, that is, CM function is a Laplace transform of a positive
function.

_ Now, it is clear that K(7) is a legitimate memory kernel iff its Laplace transform
K (s) gives rise to T(s) such that

dn
d sn
is a stochastic matrix for s >0 and n =0, 1, 2,.... One may call T(s) satisfying
an infinite hierarchy of constrains (24) a CM-stochastic. It shows that the nonlocal
master equation (6) simplifies in the Laplace transform domain. However, the price

one pays for this simplification is an infinite hierarchy of constrains (24) for T (s)
instead of a single condition for T (¢).

(—1)"—T(s) (24)

EXAMPLE 4. Let us consider the stochastic evolution generated by
K (1) = k@®[P — L1, (25)

where P is a stochastic matrix satisfying P> = P (cf. Example 2). One finds for
the solution

T(r) = (1 - / f(r)df) I+ / )P, (26)
0 0
where the function f(¢) is related to the memory function k(¢) as follows
~ sf(s)
k(s) = ———. 27
YT

This shows that for any function f(¢) satisfying 0 < fot f(r)dt <1 gives rise to
the legitimate memory kernel via formula (27). It shows that we have two natural
representations of 7'(¢): one coming from time-local L(¢) defined and another one

coming from the memory kernel K(¢). Note that condition fot f(z)dt = 0 implies

that %f(s) is CM. Moreover, condition l—fot f(r)dt = 0 implies that %(1 —fN(s))is
CM as well. Using (27) one arrives at the following condition for the memory
function k(¢): k(t) is legitimate if

1 k(s) 1
Ss—i—%(sf s—i-z(s)
are CM. This condition is sufficient but not necessary.

EXAMPLE 5. Let us specify the above example for n = 2,

-1 1
K(t)=k(t)( ) _1), (28)
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and consider the map
1/1+4+cost 1—cost
T() =< 29
© 2(1—cost 1—cost> %)
corresponding to f(t) =sint. One easily finds for the memory function
k(1) = cosh(v/21). (30)
Note that in this case

1—/ f(r)dt = cost
0

is not positive, that is, condition 1 — fol f(r)dt = 0 is sufficient but not necessary.

An interesting class of 7'(¢) satisfying nonlocal master equation is provided by the
so-called semi-Markov evolution [20-24]: it is uniquely determined by a collection
of waiting time distributions ¢;;(¢) > 0 such that g;;(¢)dt defines the probability of

jump from from a state ‘j’ to ‘i’ no later than ¢ + d¢ (assuming that it arrives at
‘j’ at time t). It gives rise to a collection of survival probabilities

n 1
g =1 —Z/ qij (t)d. 31)
i=1 70
Now, one constructs the solution
Tt)=nt)+m*xq)@®)+n*xgxq)t)+---, (32)

where n;;(t) = g;(¢)é;;. Assuming that Z;'.Zl fot gij(t)dt < 1, the above series is
convergent for t > 0. The corresponding nonlocal master equation for the probability
vector reads

d 4
PO =) /O [Wi(t — T)p;(1) — Wyt — D) pi(D)}dT, (33)
j=1
where W;;(r) are defined in terms of the Laplace transform as follows
~ qij(s)
Wij(s) = =——. (34)
! gj(s)

EXAMPLE 6. Consider 2-state evolution with g;;(t) = % f() and fooo f®dr < 1.
The corresponding semi-Markov evolution is defined by (26) with

1/1 1
P= 5(1 1)'
It is therefore clear that semi-Markov evolution defines only a subclass of (26)

satisfying f(¢) > 0 and fooo f®)dr < 1.

More examples of semi-Markov evolution may be found in [17].
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3. Quantum setting

A treatment of non-Markovian evolution in quantum physics is much more
involved than in the classical case. Even the sole definition is problematic. The
reason is simple. The very concept of conditional probabilities is not well defined in
quantum mechanics [25]. Current approaches towards defining quantum Markovianity
are based on generalizations of certain properties of classical dynamical maps, which
luckily can be translated to the language of quantum mechanics. Let us consider
a quantum system living in 4 = C". The evolution of the quantum state (a density
operator) p is represented by a family of completely positive trace-preserving (CPTP)
maps A; : B(H) — B(H) via

p = pr=Nlpl, (35)

such that Ay = id (identity map in B(H) — quantum dynamical map). In this paper
we analyze only finite-dimensional Hilbert spaces. Let us recall [26] that a linear
map @ :B(H) — B(H) is positive if ®[X] >0 for X > 0. It is k-positive if the
map

ide ® P : Mi(C)@B(H) - Mi(C) ®@B(H), (36)

defined by id; @ ® : M} (C)[A® B] =a ® ®[B] is positive. Finally, it is completely
positive (CP) if it is k-positive for k = 1,2, .... It is well known that if dimH = n,
then @ is CP iff it is n-positive.

EXAMPLE 7. Let us consider a family of trace-preserving maps @, : M,(C) —
M, (C) defined by

1
O /[X] :i= ——({,trX — fX). (37)
n—f
One proves that ®; is k-positive but not (k + 1)-positive iff ﬁ < f < % In

particular for f = 1 one reconstructs the so-called reduction map well known in
quantum information theory. Reduction map is positive but not 2-positive.

Any CP map & possesses Kraus representation

®lpl =) KipK. (38)

This map is trace-preserving if the Kraus operators K; satisfy ZK;K,- =1 Let A,

be a quantum dynamical map. Then we have the following definition.

DEFINITION 6. A; is called k-divisible iff for any ¢ > u there exists a k-positive
propagator A,, such that
A=Ay (39)

1-divisible maps is called P-divisible and if dimH = n, then n-divisible map is
called CP-divisible.
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In this paper we accept the following definition.

DEFINITION 7 ([9, 27-29]). A dynamical map A, is Markovian iff it is CP-
divisible.

This definition is a direct generalization of Definition 3 for the classical Markovian
evolution. Suppose now that the dynamical map A; satisfies time-local master equation
Ar=LiA,  Ag=id, (40)

where the time-local generator L, has the following structure
- 1 t t
Lilp) = =ilH(®). p] + 5 Y1) (Viwp. V/ 01+ Vi), oV @1) . 4D)

with arbitrary noise operators V;(¢), Hermitian effective Hamiltonian H(¢), and real
y;(t). This structure guarantees that A, is trace-preserving and hermiticity-preserving.
However, it does not guarantee that A, is CP (not even positive). Clearly, if y;(¢) = 0,
then (40) generates unitary evolution with time-dependent Hamiltonian H (¢).

THEOREM 5. Dynamical map A, satisfying (40) is CP-divisible (Markovian) if
and only if y;(t) >0 [2, 30].

REMARK 1. If L, = L is time independent then Theorem 5 reproduces the
celebrated result for the structure of the generator of Markovian semigroup [7, 8].

REMARK 2. It should be stressed that condition y;(t) > 0 is necessary (and
sufficient) for CP-divisibility but it is not necessary to have A, which is CP. Consider

1
Lilpl = Sy (1)(ozpo: = p). (42)
One easily finds
1 1
Adpl = S+ e p + 5(1 = e Doz po, (43)
which is CP iff I'(t) = foty(r)dr > 0. Hence, if y(t) 20 but I'(r) > 0, then A,
represents quantum non-Markovian evolution.

COROLLARY 1. If the solution A, of the time-local master equation (40) defined
by the following Dyson series

t t t f
A= Texp (/ Ludu) =id+/ dn Ly, +/ dtlf diLyLy+..., (44
0 0 0 0

is CP but y;(t) ;_4 0, then A; is non-Markovian.

PROBLEM 2. One of the open problems in the theory of open quantum systems
is the characterization of admissible time-local generators L, which leads to CPTP
A, which is not CP-divisible.
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4. Witnessing non-Markovianity of quantum evolution

The natural question one may pose is how to check weather given evolution is
Markovian? A similar problem one faces in the theory of quantum entanglement.
The basic idea behind witnessing entanglement is to construct a linear operator
W e B(Hi ® Hy) such that (VY @ v |W|v @ ¥p) = 0 but tr(Wp) < 0 for some
entangled state living in H; ® H, (see [32] for a recent review). Construction of
entanglement witnesses utilizes the fact that the set of separable states is convex,
so that the Hahn—Banach separation theorem [33] applies and such linear operator
W always exists. On the other hand, the set of Markovian evolutions is not convex
even in the classical case, as one can easily prove by a direct calculation, therefore
non-Markovianity witness cannot be constructed in this simple fashion [29].

Let us introduce the trace norm |la ||, of an operator A € B(H) as follows

IXle =t vVXTX. (45)

Note that for a normal operator A with spectrum speca = {A;,..., A,} one has

la e =Y Inl. (46)

The importance of the trace norm in the theory of quantum non-Markovian evolution
arises from the following fundamental theorem, proved originally in [34].

THEOREM 6. A trace preserving map £ is positive iff
IEIX e < 1 X Nl (47)

for all Hermitian operators X.

Suppose now that a dynamical map A; is invertible (as a linear map) and let
A= AIAS_I. One has the following result.

THEOREM 7 ([35]). A; is k-divisible if and only if
[1Gdx @ Ar )Xl < 1 X ler (48)

for any Hermitian X € B(H®C*) and arbitrary t > s. Equivalently, A, is k-divisible
if and only if

d .
7 [[(dk ® AD[X]lle <0 (49)
for any Hermitian X € B(H).

Hence violation of (49) for some observable X witnesses that A; is not k-
divisible. A special case corresponding to X = p; — p, was considered in [19]. For
any pair of density operators p; and p, one defines the so-called trace distance

1
Dlp1, ;2] = Ellm — 02!l (50)
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DEFINITION 8 ([19]). A quantum dynamical map A; is Markovian if

d
ED[At[m], Ailp2]] =0 (G

for all pairs of states pi, ;.

Hence, (51) defines a special case of (49) corresponding to trX = 0. It is,
therefore, clear that BPL condition (51) is in general weaker than P-divisibility
condition (49) with k = 1. This approach, however, has a clear advantage, as it
does not really require the knowledge of the dynamical map — a situation very
appealing from an experimentalist point of view e.g. when the state tomography is
easier to perform than a full process tomography.

EXAMPLE 8. Consider A; defined in (43),

e—l"(t)
p(t) = Alp] = ( o g ‘2> : (52)
e P21 P22
One finds
DIpi (1), p2()] = /A2, + [App 2T, (53)

with A;; = (o1 — p2)ij. It is clear that %D[pl(t), p2(t)] <0 iff y(¢) > 0. Hence in
this simple example both definitions of Markovianity coincide.

EXAMPLE 9 (Pauli channels). Consider a qubit evolution defined by

3
APl = pu(t)0up0a, (54)

a=0

with p,(¢) being probability vector with py(0) = 840, and {og = I, 01, 02, 03) are
Pauli matrices. The corresponding time-local generator reads

1 3
Lilpl = 5 ¥ w0 (@xpor = p). (55)
k=1

It is clear that A, is CP-divisible (Markovian) if and only if
@) =0, (@) =0, y(@)=0. (56)

One may prove [36, 37] that A, is P-divisible if and only if much weaker conditions
are satisfied

i)+ () >0, »@) +yi(t) =0, yi(0)+n@) =0. (57)

Summarising: for the Pauli channel evolution (54) Markovianity (= CP-divisibility)
is controlled by (56), whereas P-divisiblity which is in this case equivalent to
BLP-Markovianity is controlled by (57).
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EXAMPLE 10. An interesting example of A, which violates (56) but satisfies
(57) was recently proposed in [38],

@ =n@ =1, y3(1) = —tanhr. (58)

Note that y3(¢) is always negative and hence I';(¢) = fot y3(t)dt < 0. Nevertheless,
the map A, is CP and P-divisible due to (57).

5. Memory kernels—quantum case

As in the classical case let us now consider quantum dynamical map A, satisfying
nonlocal equation

1t
AJZ/,KrAﬂh, Ao = id, (59)
0

where K; is the corresponding memory kernel encoding dynamical properties of
the quantum system. Note that when K; = 2§(t)L and L has the form of a time-
independent generator, then (59) reduces to the standard local master equation for
the Markovian semi-group. Using the same arguments as in the classical case one
finds the following relation in the Laplace transform domain

sA, —id = K, A,, (60)

and hence 1

A, = , (61)

which is the analog of (21).

PROBLEM 3. There is_a natural question: what are the properties of K, which
guarantee that inverting Ay — A, one obtains a legitimate dynamical map A; in
the time domain?

The answer is provided by the “quantum analog” of the Bernstein theorem.

THEOREM 8. a Laplace transform I?S gives rise to a legitimate dynamical map
A, if and only i
e 0f y if an |
ds"s — K

N

(=" (62)

is CP forn=1,2,..., and s > 0.

It shows that it is very hard to control whether K s provides a legitimate memory
kernel — one needs to control the infinite hierarchy of nontrivial conditions (62).

REMARK 3. A function KS such that

n d" ~
(=1 A, (63)
defines a completely positive map for n = 1,2, ..., and s > 0 one may call CM-CP

map.
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COROLLARY 2. Note that when K, = §(t)L, then E‘Y = L and hence (63) implies

that
(=" A (64)
ds"s — L
is positive for n =0,1,2,..., and s > 0. In particular one has for n =0
1 1 L L?
=—-|d+—4+—+...], 65
s—L s<l+s+s2+ ) (65)
and for general n > 1,
ar 1 1 (nl. (m+DIL n+2)!L?
-D" = — — —+... ). 66
D e s =L T (0!1 T TR (66)

Note that (65) and (66) provide another natural representation of a CP map. It
should be stressed that the well-known exponential representation

1 1
et =id+tL + §t2L2 + §t3L3 4o (67)
guarantees that the map is CPTP whereas (65) and (66) are not trace-preserving.

EXAMPLE 11 (Pauli channel—memory kernel). Consider a memory kernels of
the following form

1 3
Kilpl =5 > ki()(ipo; = p). (68)

i=1
Let «;(¢) denote the eigenvalues of K,
Kiloi] = ki (t)oi, i=1,23. (69)

One has the following relations:
1
ki (1) = E(Kl(t) — K2(1) — k3(1)),
1
ko (1) = 7 (=r1(1) + 12 (1) — K3 (1)), (70)

1
k3 (1) = 5(—/61 () — k2 (t) + k3(1)).

In [39] we proposed the following construction: let a;, ap, as > 0 such that
1 1 1

- + - 2 )

ap ar as

1 1 1

—+—>—, (71)
ay as aq

1 1 1

—+—>—

as ay ap
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Let f(¢r) be a real function satisfying

t 11 1\
05/ f(t)dr§4<—+—+—) . (72)
0 aj

ar as

Then ~ ~
—sf(s) _ =sfils)
a—f(s) 1= fuls)
with fi(¢) = f(t)/ax, gives rise to the legitimate memory kernel. Interestingly, within
this class of memory kernels one may easily control both P- and CP-divisibility.
One proves [39] that such kernel gives rise to a P-divisible evolution iff f(f) > 0
and

(73)

Ki(s) =

/‘OO f(@®)dt < min{ay, az, az}. (74)
0

Moreover, it gives rise to a P-divisible evolution iff f(¢) > 0 and

/ f@)dt <ay —+/(ar —ar)(az — ay), (75)
0

where we assumed a; < a; < as. Note that in the isotropic case a; =a; = a3 =: a
one has ki(t) = kp(t) = k3(t) and P-divisibility coincides with CP-divisibility, i.e.

fooo f(t)dt < a. In particular taking a; =a> = 1, a3 = %, and
ft)y=e™, (76)
one finds
1
Kilpl = 3 {8(t) (01001 + 02p02 — 2p) + €' (03p03 — P)} | (77)

which generates the evolution corresponding to (58) in time-local description [39].
Interestingly, this evolution turns out to be a convex combination of two Markovian
semi-groups |
UVES E(e’Ll + '), (78)
where 1
Li[p] = E(O'kpo'k - p). (79)
This example shows that taking a convex combination of Markovian semi-groups

one constructs a dynamical map with nontrivial memory kernel.

Qubit evolution within memory kernel approach was also analyzed e.g. in
[22, 40, 41] (see also [42, 43]).

6. Conclusions

We provided a basic mathematical introduction to the non-Markovian quantum
evolution based on the concept of CP-divisible maps. This concept defines a natural
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generalization of P-divisible classical stochastic evolution which is closely related
to classical Markovian stochastic process. We analyzed both time-local approach
based on local generators and nonlocal approach governed by the corresponding
memory kernel known in the literature as the Nakajima—Zwanzig master equation.
Non-Markovian evolution is usually linked to realistic description of a variety of
complex physical systems where the standard Born—-Markov type of approximations
are no longer suitable. The problem of non-Markovian evolution is also interesting
from the point of view of precise control of quantum systems which is extremely
important for modern quantum technologies.

It should be stressed that there are other approaches to quantum non-Markovian
evolution (see recent review [10]). The advantage of mathematical approach advocated
in this paper is a clear characterization of Markovian evolution in terms of time-local
generators. Other approaches like for example the one based on distinguishability of
quantum states [10] are more physically oriented as can be experimentally verified.
The verification of CP-divisibility is very demanding and requires in general full
process tomography. This shows that quantum non-Markovianity is a complex multi-
facet phenomenon which still deserves further analysis.
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